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Abstract 

In the present article, we combine some techniques in the harmonic analysis together with 
the geometric approach given by modules over sheaves of rings of twisted differential operators 
(D-modules), and reformulate the composition series and branching problems for objects in the 
Bernstein-Gelfand-Gelfand parabolic category O’’’ geometrically realized on certain orbits in 
the generalized flag manifolds. The general framework is then applied to the scalar generalized 
Verma modules supported on the closed Schubert cell of the generalized flag manifold G/P for 
G = SL(n + 2, C) and P the Heisenberg parabolic subgroup, and the algebraic analysis gives 
a complete classification of gbsingular vectors for all g). = sl{n — r + 2,C) C g = s\.{n -|- 2, C), 
n — r > 2. A consequence of our results is that we classify SL(n —r-|-2, C)-covariant differential 
operators acting on homogeneous line bundles over the complexification of the odd dimensional 
CR-sphere and valued in homogeneous vector bundles over the complexification of the 

CR-subspheres 
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Introduction 


Let g' C 0 be a pair of reductive Lie algebras of reductive Lie groups G' C G, P C G and 
P' C G' their parabolic subgroups, P' = P Ci G', p and p' the parabolic Lie algebras of P 
and P', respectively. The subject of the present paper is the study of the g'-composition series 
of objects in the Bernstein-Gelfand-Gelfand (BGG for short) parabolic category associated 
to the pair (g, p). The qnestion of composition series for an object in and a reductive Lie 
subalgebra g' can be rephrased in terms of the existence of singular vectors or homomorphisms 
between generalized Verma modules, and belongs to branching problems in representation theory. 
A systematic approach to such problems was initiated in [TOl HTJ [T51 [211 [2T] . Despite the fact 
that the branching problem can have a continuous spectrum, | 20 ] , there is a wide class of discrete 
multiplicity free branching problems, |22j . This property is fulfilled by our example discussed in 
the second half of the article. 

There are two, mutually dual, motivations for writing the present article. The first motivation 
is to develop a tool which allows a complete classification scheme for a wide class of modules of 
interest in the BGG parabolic category . Secondly, we would like to get an explicit description 
of G'-covariant differential operators acting between homogeneous vector bundles on generalized 
flag manifolds G/P and G' jP'. The G'-covariant differential operators differentiate sections of a 
homogeneous vector bundle on G/P and then restrict them on the submanifold G'/P' C G/P. 
The existence of covariant differential operators is guaranteed by the discrete decomposability for 
the branching problem in the BGG parabolic category , cf. [Ml dll for a general theory or m 
Section 3] for a review. The multiplicity-free condition of the branching problem then assures 
uniqueness of covariant differential operators. 

In [m Introduction], two problems were formnlated. For g' C g as above and (A) the 
generalized Verma g-module indnced from an irreducible finite-dimensional p-module V\ with 
highest weight A, find the generators (or precise positions) of irredncible g'-submodnles in M® (A) 
and find the associated Jordan-Holder series for g'. Every irreducible g'-submodule of an object 
in contains a singular vector and vice versa, every singular vector generates a finite length g'- 
submodnle. In particnlar, the singular vectors are responsible for the description of composition 
series in the Grothendieck gronp K{0^) of the BGG parabolic category O^. 

A class of simple examples related to orthogonal Lie algebras g, g' and parabolic subalgebras 
with commutative nilradicals is discussed in [nisi]. The techniqne to find the g'-singular vectors is 
based on the geometric realization of generalized Verma modules as twisted P-modules supported 
on the closed (point) Schnbert cell in G/P. Then the complicated algebro-combinatorial problem 
characterizing the singnlar vectors and thus the branching problem is converted, by algebraic 
Fourier transform, to a system of partial differential equations acting on the algebra of polynomials 
on the opposite nilradical. This step allows to determine completely its space of solutions. 

The aim of our article is twofold. We follow the seminal work of Beilinson and Bernstein, 
[3], and generalize the approach and results achieved in [HI [21], towards the realization and 
characterization of (g, iV)-modules in the BGG parabolic category G® as V-equivariant twisted 
P-modules supported on V-orbits in G/P {N C P is the nilpotent snbgroup of P). The situation 
in [HUH] is then recovered by considering the generalized Verma g-modules supported on the 
closed point V-orbit {eP} C G/P. In a forthcoming work, we employ the partial algebraic 
Fourier transform and treat the branching problems analogous to ones formulated above for twisted 
generalized Verma g-modules. The language of P-modules is an indispensable tool to deal with 
the parabolic snbalgebras with non-commutative nilradials, and allows a natnral implementation 
of the symmetrization map between the universal enveloping algebra and the symmetric algebra 
associated to the pair (g,p). We would like to remark that even the constrnction of non-standard 
homomorphisms between generalized Verma modules in the case g' = g is a difficult task, not 
known in general. In the second part of onr article, we exploit the results of the first part and give a 
complete classification of singular vectors (mentioned in the first paragraph of the Introduction) in 
a particnlarly important CR (CR stands for Canchy-Riemann or Complex-Real) case of generalized 
flag manifolds and their CR flag submanifolds. This means that we consider the case of complex Lie 
algebras g = s[(n-|-2, C), gj, = sl(n—r-|-2, C), such that the nilradicals of their parabolic subalgebras 
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are isomorphic to Heisenberg Lie algebras and the objects in are the scalar generalized Verma 
modules. 

The content of our article is as follows. In Section [TJ we briefly recollect the notions of sheaves 
of rings of twisted differential operators and equivariant T>^-modules. Focusing on the case of 
a generalized flag manifold X = G/P, we describe the homomorphism from g into r(X, Px) ^ 
general pair (g, p). In Section^ we discuss the geometric realization of generalized Verma modules 
Mp (A) as I);^-modules supported on the closed iV-orbit {eP} in G/P. An important device is the 
symmetrization map from the polynomial algebra S'(u) to the universal enveloping algebra U{u) 
of the opposite nilradical ii, and the algebraic Fourier transform of M® (A). In the last part of this 
section we introduce the key structure of g'-singular vectors, and explain our approach leading to 
the complete classification results in particular examples. In Section[3l we apply all steps developed 
in Section [Hand Section |2| to the simplest examples going beyond the Hermitean symmetric spaces 
(characterized by parabolic subalgebras with commutative nilradicals). Namely, we focus on the 
first in the row, and as for the applications the most important, example of A„-series of Lie 
algebras and their parabolic subalgebras with Heisenberg nilradicals together with 1-dimensional 
inducing representations. Using the tool of harmonic analysis, conveniently organized by the 
Fischer decomposition of the symmetric algebra of ii with respect to s[(n —r, C)©s[(r, C), n — r > 2, 
we carry on the complete classification and explicit description of gj, = s[(n — r -I- 2, C)-singular 
vectors. In Section |31 we discuss the construction of G'-covariant differential operators on the 
complexification of the CR-sphere. Finally, in Appendix]^ we summarize for reader’s convenience 
the structure of the Fischer decomposition for the action of s[(n, C) on the polynomial algebra 
C[(C")* ©C"]. 

Let us emphasize that due to the length of the article we decided to present here just the 
results describing the composition and branching problems in the Grothendieck group K(0’^) of 
the BGG parabolic category . The finer property, determined by the Jordan-Holder series, 
is intimately related to the factorization properties of special polynomials responsible for the 
structure of singular vectors (cf. [21] for examples related to the Gegenbauer polynomials) and 
will appear in a forthcoming work. The cases of other series of simple Lie algebras with Heisenberg 
parabolic subalgebras as well as the cases of twisted Verma modules supported on the other N- 
orbits are also the subject of our forthcoming work. 

To summarize our achievements, the results in the present article contribute both to the pure 
representation theoretical problems on the locus of reducibility (and their generalizations for a 
class of reductive Lie subalgebras) of generalized Verma modules (cf. [HI [Ij for the formulation of 
Gyoja’s conjectures), and to applications related to the classification and explicit construction of 
covariant differential operators for CR-geometries and their CR-subgeometries. 

1 P-modules on generalized flag manifolds 

1.1 Sheaves of rings of twisted differential operators 

As it follows from the seminal work of Beilinson and Bernstein (|3|), representation theory of Lie 
groups and algebras can be studied with the aid of the geometry of X>-modules on generalized 
flag manifolds. In this section we review several basic notations and introduce some conventions 
useful to our further considerations. More detailed information on modules can be found in 

[ni[iii[ii|. 

Let X be a complex manifold, Ox the sheaf of holomorphic functions and 0x the sheaf of 
holomorphic vector fields on X. 

Definition 1.1. A sheaf of rings of twisted differential operators on X is a sheaf of rings V on 
X, equipped with an increasing exhausting filtration {FmP}mei. of P {FmP — 0 for m < 0) and 
a morphism of sheaves of rings i: Ox —^ P satisfying 

(1) the constant sheaf Cx is contained in the center of P, i.e. I? is a Cx-algebra, 

(2) i: Ox FqP is an isomorphism of sheaves of rings. 
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(3) [a, i{f )] £ FoV{U) for all a £ FiD{U) and / G Ox{U), and the morphism ai : FxD Ox of 
left Ox-modules defined by i(ai(a)(f)) = [a, z(/)] induces the isomorphism a Igrfi?: grfD ^ 
0x of left Ox-modules, 

(4) defines the isomorphism a~^: Soxi^x) —t gr^V of graded sheaves of rings, 
where Soxi^x) is the symmetric algebra of 0x over Ox- 

The simplest example of a sheaf of rings of twisted differential operators on X is the sheaf of 
rings of differential operators Vx- If is a sheaf of rings of twisted differential operators on X 
and C an invertible Ox-module, then C <SiOx ^ is a sheaf of rings of twisted differential 

operators on X as well. 

There are two basic operations on X>-modules called the inverse image and the direct image. 
We shall briefly introduce just the operation of the direct image which will be important later 
on. Let f : X ^ Y he a. morphism of complex manifolds and let be a sheaf of rings of twisted 
differential operators on Y. Then we denote by f^V the sheaf of rings of twisted differential 
operators on X given by the pull-back of V, in the case V = Vy we have f^Vy ~ Vx- Denoting 
M a left /*I?-module, its direct image is the left P-module defined by f^{Vy^x where 

the /*I?)-bimodule I?y<_x is given by 

Vy^X = f ^F> LOx/Y- (1.1) 

Here ujx/y = <^x ®f-^Ox and uJx,tOY are the canonical sheaves of X, Y, respectively. 

If X carries an action of a complex Lie group G, then there is a notion of G-equivariant sheaves 
of rings of twisted differential operators on X. We will not give a precise definition of this structure 
here, because we will not need it in its full generality. 

Let X be a homogeneous space for a complex Lie group G. Then we get a principal iJ-bundle 
p: G ^ X, where F[ is the stabilizer of a point in X. We denote by g and f) the Lie algebras 
of the Lie groups G and iL, respectively, and by Hom//(f),C) the vector space of iJ-equivariant 
homomorphisms from f) to C. The left action of G on induces the Lie algebra homomorphism 

Lx: fl^r(X,0x). (1.2) 

The constant sheaf of algebras qx on X naturally acts on Ox and by the left multiplication on 
U{q)x, where U{q) is the universal enveloping algebra of g and U{q)x the corresponding constant 
sheaf on X. Then Qx naturally acts on Ux{q) = Ox®Cx U{q)x, and extends to the action of 
UiQ)x on Gx(fl)- Because Ox acts on Uxis) as well, Ux{q) is the sheaf of rings on X. 

Any element A £ Hom//(f),C) gives rise to the 1-dimensional representation of 1), defined 
by 


Av = \{A)v, A £ i), V £ C. (1-3) 

On the other hand, any iL-equivariant homomorphism A: t) —>■ C yields the G-equivariant mor¬ 
phism fx: Vx(f)) —t Vx(C) of Gx-modules associated to the representations f) and C of H. Since 
— /a(s)) is a two-sided ideal of Gx(fl), we obtain a G-equivariant sheaf of rings 
of twisted differential operators 

L>x(A) =Gx(0)/X;sgVx(f))^^(fl)('® “ 

on X, and any G-equivariant sheaf of rings of twisted differential operators on X is isomorphic to 
I?x(A) for a uniquely determined A G Hom//(f),C). 

There is an alternative description of L>x(A) given as follows. We start with the sheaf of rings 
of differential operators T>g on G equipped with the natural structure of an iJ-equivariant (with 
respect to the right action of F[ on G) sheaf of rings of twisted differential operators, and consider 
the left 2?G-iaiodule L>G(f), A) given by 

PG(f),A)=PG/EAef,^G(i?G(A) + A(A)), AGHomff(n,C), (1.5) 
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for Rg : 0 r(G, ©g) the Lie algebra homomorphism induced by the right action of G on itself. 
Then we get 


Vx{\)^{p.Vg{^A))^, ( 1 . 6 ) 

where means the subsheaf of iL-invariants of the direct image p*X>g( 1)5 A). 

Since T>x{X) is a G-equivariant sheaf of rings of twisted differential operators on X, we obtain 
the Lie algebra homomorphism 


aox(A): 0-tr(X,Px(A)) (1.7) 

described in the following way. For any Y G g, we define the morphism py '■ T^g Rg of left 
modules by 


P^PLg{Y)\u, P€Rg{U). (1.8) 

Because [LGiY),RG{A)] = 0 for all A & q, the morphism py gives rise to the iJ-equivariant 
morphism %l)y : Vg{^, A) —t Rg{^^ A) of left I?G-modules. Then we set 

='^y{u) (1.9) 

with u = 1 mod ^XGf)'^GiRG{A) + A(yl)). Furthermore, if we denote by I?x(A)°p the sheaf of 
rings opposite to 2?x(A), then X>x(A)°p is also a G-equivariant sheaf of rings of twisted differential 
operators on X and we have 


Px(A)°P~Px(2p-A), (1.10) 

where the element p G Hom//((),C) is given by 

p(A) =-itrg/u ad(A), A e f). (1.11) 

1.2 Generalized flag manifolds 

Let G be a complex semisimple Lie group, H he a maximal torus of G and g and fj be the Lie 
algebras of the Lie groups G and H, respectively. Then () is a Cartan subalgebra of g. We denote 
by A the root system of g with respect to f), A+ the positive root system in A and 11 C A+ the 
set of simple roots. Furthermore, we associate to the positive root system A+ the nilpotent Lie 
subalgebras 


® 0 “ ® 0 -“’ 0-A2) 

aeA+ aeA+ 

and the solvable Lie subalgebras 

b = t)©n and b = () © h (1-13) 

of g. The Lie algebras b and b are the (standard and opposite standard) Borel subalgebras of g. 

Let us consider a subset E of 11 and denote by As the root subsystem in f)* generated by S. 
Then the standard parabolic subalgebra p of g associated to S is defined by 

p = I©u, (1.14) 

where the reductive Levi factor ( of p is defined through 

l=t)®00a (1-15) 

aG As 
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and the nilradical u of p and the opposite nilradical u are given by 

0 fla and u= 0 Q-a- (1.16) 

aeA+\A+ aeA+\A+ 

We say that a weight A S f)* is p-dominant integral provided ^^ 7 )^ & No for all o G E, and we 
denote the set of all p-dominant integral weight by A+(p). Furthermore, let P be a parabolic 
subgroup of G with the Lie algebra p. Then p: G ^ G/P is a. principal P-bundle and X = G/P 
is called the generalized flag manifold associated of G. 

We define the subgroups U and of G to be the image of u and n under the exponential map 
exp: g —s- G, respectively. Moreover, the mapping 

exp:u^C7 (1.17) 

is a diffeomorphism and 17 is a closed nilpotent subgroup of G. Therefore, for g G G the mapping 
fgi U ^ X given by 

fg{n) = p{gn) = gnP (1.18) 

is an open embedding, and the generalized flag manifold X is covered by open subsets Ug = 
p{gU) C X, i.e. we have 


X=\JUg. 

g&G 


(1.19) 


Hence, we get the atlas {{Ug,Ug)}g^G on X, where %: Ug u is defined by 

Mg^=/gOexp. (1.20) 

Now, let Sg: Ug ^ G he the local section of the principal P-bundle p: G ^ X defined through 


Sg{x) = gf ^{x) = gse{g ^-x), x GUg, g eG. 


( 1 . 21 ) 


The local section Sgi Ug ^ G gives the trivialization of the principal P-bundle p: G ^ X over 
Ug. Therefore, we get the isomorphism 


p-\Ug) 


Ua 


'■Pg 


UgXP 


Pi 


( 1 . 22 ) 




■Ua 


of principal P-bundles over Ug, where the mapping ipg: p ^{Ug) -G- Ug x P is defined by 

Pg{h) = {p{h),Sg{p{h))~^h) for all hGp~^{Ug). (1.23) 

Denoting by Kl the outer tensor product, we obtain an isomorphism 

^’g: I’G|p-i(£/g) ^ 71xxp|p7i([/^) ^Vx\ua^'Up (1.24) 

of P-equivariant sheaves of rings of twisted differential operators and consequently the isomorphism 

{pMP,><)\uy ^'Dx\ua ^T{P,Vp/Y.Aep'^p{Rp{A) + \{A))f (1.25) 

of sheaves of rings of twisted differential operators on Ug. Since Pp/^xepUp{Rp{A) + A(H)) is 
isomorphic to Gp as an Gp-module, we have the isomorphism 

jsg. PxWlUg ^ iP*'UG{PA)\Ug)^ ^ | (7g (l.26) 
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of sheaves of rings of twisted differential operators on Ug. 

Proposition 1.2. Let A S Homp(p,C). Then the Lie algebra homomorphism 


oiVxW ■ 0 ^x(A)) 


is given by 


{js, oap^(A))(T) = 7rg(F), 


where 7rg(y) G VxiUg) is defined by 

i^giY)f)(.x) = {LxiY)f){x) + \{{Ad{sg{x)-^)Y),)f{x) 
for all X €V, f G OxiV) and V CUg. 

Proof. For F G g, we define the morphism (py ■ Pg —^ Y>g of left I?G-modules by 


(1.27) 


(1.28) 


(1.29) 


P^PLg{Y)\u 

for all P G VciU). Since we have [LciY), Rg{A)\ = 0 for all A G g, the morphism py gives 
rise to a P-equivariant morphism ify: 'Dg{\),X) —A) of left Pc-Enodules. Then we have 
avxWiY) = ipyiu) G T{X,VxiX)) ^ T{X,p^.VGip, X))^, where u = 1 mod Y,A(ipY>G{RG{A) + 

KA)). 

In the next step we compute jsg{'>pY{u)\ug) S Vx{Ug). Let pg-. p ^{Ug) -A Ug x P he the 
isomorphism of principal P-bundles over Ug given by (ll.23p . Then the corresponding element 
$g(LG(h")|p-i(c/g)) S Uxlug ^ Rp is given by the formula 

<l>g{LG{Y)\p-l(^Ug))f = {{LG{Y)\p-l(^Ug)){f O V^ff)) o Pg^ 
for all / G Oxxp{Ug x P). Hence we can write 

{<^g{LGiY))f){x,p) = ^^^^J{exp{-tY).x, Sg{exp{-tY).x)~^ exp{-tY)sg(x)p) 

= 4 /(exp(-tF).a:,p) + ^ f{x, Sg{exp{-tY).x)~^ exp{-tY)sg{x)p). 

dt\t=o dt|t=o 

The first term can be rewritten as 

4 f{exp{-tY).x,p) = {iLx{Y)\ug ^ lp)/)(a:,p). 
dt |t=o 

For the second term we can write 

^ f{x,Sg{exp{-tY).x)~^ exp{-tY)sg{x)p) =f{x,pg{t)), 
dt\t=o dt|t=o 

where 


g{t)=p ^Sg{exp{-tY).x) ^ exp{-tY)sg{x)p 

= P~^Se{g~^ exp{-tY).x)~^g~^ exp{-tY)gse{g~^x)p. 

Further, if 5 G UP, then there exist uniquely determined elements U{g) € U and P{g) G P such 
that g = U{g)P{g). Since g{t) G P, we can write 

g{t) = P{p~^Se{g~^ exp{-tY).x)~^g~'^ exp{-tY)gse{g~^■x)p) 

= p~^P{se{g~^ exp{-tY).x)~^g~^ exp{-tY)gse{g~^.x))p 
= P~^P{9~^ exp[-tY)gSe{g~^■x))p 
= p~^P{se{g~^.x)~^g~^ exp{-tY)gse{g~^.x))p 
= p~^P{sg{x)~^ exp{-tY)sg{x))p. 
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This gives 


4, g(t) = -Ad{p i)(Ad(sg(a;) ^)F)p, 
dr |t=o 

where Ad(sg(x)“^)F = (Ad(sg(x)“^)y)n + (Ad(sg(a:)“^)y)p is the decomposition of the element 
Ad(sg(a;)“^)y with respect to g = u©p. Therefore, we obtain 

^ fix, Sg{exp{-tY).x)~^ exp{-tY)sgix)p) = -(Ap(Ad(p“^)(Ad(sg(a;)"^)y)p)/)(a:,p). 
dr |t=o 

But since the operator Q G VG{p~^iUg)) defined by 
i^giQ)f)ix,p) = (Ap(Ad(p"^)(Ad(sg(a:)"^)y)p)/)(x,p) + A(Ad(p”^)(Ad(sg(x)"^)r)p)/(x,p) 
belongs to the ideal X]Aep^G(^G(A) + A(A)), the P-equivariance of A; p —!> C gives 

{^g{LxiY)\u,)f)ix,p) = iiLxiY)\u, K lp)f){x,p) + \{kd{p-^){kdisgix)-^)Y\)f{x,p) 

+ i^giQ)f)ix,p) 

= iiLxiY)\u, K lp)/)(a;,p) + A((Ad(sg(cr)-i)r)p)/(x,p) 

+ i^giQ)f){x,p). 


If we put altogether, we obtain 

{fs,{'>pYiu)\u,)f)ix) = {Lx{Y)f)ix) Y \iiAd{sg{x)-^)Y)^)fix) 
for all / S Ox{Ug), and the proof is complete. □ 

Now, let us recall the atlas {{Ug, Ug)}g^G on A' defined in p.20D . and let (/i, /2, ■ • ■, fn) be a 
basis of u. Then for x G Ug we have 

n 

Ugix) ='^ul{x)fi, (1.30) 

i=l 


the functions Ug: Ug 


C are called the coordinate functions on Ug 


Theorem 1.3. Let A G Homp(p,C). Then we have 
■ad(ug(a;))e'"‘^(“‘'("^» 


;(!') =-E 


[ ^a.d{ug{x)) _ 


(e-^dK(^))Ad(g-i)r)i 


, dul 


A((e-adK(^))Ad(g-i)r)p) 

(1.31) 


for all T G 0, where [X]i denotes the z-th coordinate of A G u with respect to the basis 
(/i) /2, • ■ •) fn) of u. In particular, we have 


-e"(n = -E 


ad(-»e(a:^)) 

gad(iXe(a:)) — id^ 



for E € u 


(1.32) 


and 


(r)=E[ad(we(a;))y].^ + A(y) for F G 1. 
2=1 


(1.33) 


Proof. Let {{Ug,Ug)}g^G be the atlas on X defined by the formula (|1.20l) . Assuming Y G g, we 
can write by (|1.21l) 


Ad(sg(x) ^)F = Ad(exp(-Ug(a;))g ^)F = Ad(exp(-Ug(a;))) Ad(5 ^)F. 
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The differential operator Lx{y)\ug can be rewritten in the local coordinates ... ,Ug) on 

Ug as follows. We have, for V C Ug and / G Ox(V), 

(Lx(y)f)(x) =f(exp(-tY).x) = -^ (fou-^)(ug(exp(-tr).x)) 

at |i=o dr |t=o 


^ du^g(exp(-tY).x) d 
^ dt \t=odui. 

t—1 ' y \x 


If we denote o = eP, then we can write 

Ug{exp{-tY).x) = ^ Ug{exp{-tY)sg{x) .o) 


dt |t=o 


dt |t=o 
d 

“77 J'^q 

dt|t=o 

dt |t=0 
_d 

dt |t=o 
_d 

dt |t=o 

d -1 

— p'X'r' 

dt |t=o 


Ug{sg{x)sg{x) ^ exp{-tY)sg{x).o) 


= 17,. ^'^giaseig ^■x)sg{x) ^ exp{-tY)sg{x).o) 


exp ^{U{se{g ^.x)sg{x) ^ exp{-tY)sg{x))) 
exp~^{se{g~^■x)U{sg{x)~^ exp{-tY)sg{x))) 


= 17,. ^(exp(Mg(x))exp(-t(Ad(sg(a:) '^)Y)u)). 


The Baker-Campbell-Hausdorff formula for the nilpotent group U gives 


exp ^(exp(A) exp(tZ)) = X + 


ad Ae 


adJf 


gad X _ 


tZ + t^g{t), 


where g(t) is a u-valued polynomial in t, for all A, Z € u and t € K., and so we obtain 


dt|t=o”'®^"""^^ - gad(ug(a:)) _ 


17 Ug(exp(-ty).a;) =- 

Hence we get 

n 

Lx{Y)\u^ = - ^ 

i=l 

and thus we are done. 


(Ad(Sg(x) )y)u. 


.d(„ M)e-C-.W> 

^a.d(ug(x)) — 




□ 


2 Generalized Verma modules 

We remind the algebraic definition of a class of representations called generalized Verma modules, 
relying on the notation introduced in Section [L2l The Bernstein-Gelfand-Gelfand (BGG for short) 
category O is the full subcategory of the category of I/(g)-modules whose objects are finitely 
generated t/(g)-modules, f)-semisimple and locally n-finite. Let p be a parabolic subalgebra of g 
containing the Borel subalgebra b, and I its reductive Levi factor, cf. (I1.14p . The BGG parabolic 
category is the full subcategory of O whose objects are locally [-finite. The category 
contains the full subcategories whose objects have generalized infinitesimal character xa in 
the Harish-Ghandra parametrization, see [1112] for the detailed exposition. 

We denote by K{0^) the Grothendieck group of the abelian category defined as the re¬ 
stricted product K{0^) = where W is the Weyl group of g with the affine 
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action on ()* and denotes the restricted product in which all up to a countable number of 
components are zero. 

Let V\ denote a finite-dimensional irreducible (-module with highest weight A regarded as p- 
module with trivial action of its nilradical u, where A is a p-dominant integral weight A € A+(p). 
The generalized Verma module M® (A) is defined by 

M^iX) = UiQ)<g>u(,)Vx, (2.1) 

and Mp (A) is called to be of scalar type provided V\ is a 1-dimensional p-module. The highest 
weight modules Mp(A) are objects in O®, and any irreducible (/(gj-module in O® is the quo¬ 
tient of some Mp (A) by its maximal submodule. Let us notice that in our conventions for the 
Harish-Chandra parametrization of maximal ideals in the center 3(fl) of the universal enveloping 
algebra U{q), the trivial C/(g)-module has 3(fl)-infinitesimal character Xpt and Mp(A) has 3(0)- 
infinitesimal character Xx+pt,- Here pb S (l* stands for the Weyl vector, i.e. pt, is the half-sum of 
positive roots of g. 

2.1 Geometric realization of generalized Verma modules 

In the present section we rely on the notation of Section 11.11 and Section 11.21 Let us consider an 
iV-orbit Q in the generalized flag manifold X and denote by f: Q ^ X its embedding into X. 
Further, let r be an irreducible object in the category Con{i^'D^, N) of X-equivariant integrable 
i^lA^-connections, i.e. the category of iV-equivariant z^lA^-modules which are locally free Oq- 
modules of finite rank. Here denotes the pull-back of and — T>x{X -I- p). Then to 

a given pair {Q,t) we attach an X-equivariant regular holonomic X>;^-module I{Q,t) defined as 
the maximal regular holonomic extension of i*{T>\^Q ®itx>^''')\x\dQ = Q \ Q, see [14] . 

In the present article we are mostly interested in the generalized Verma modules, related to the 
closed IV-orbit Xg = {eP}. The case of other orbits realizing twisted generalized Verma modules, 
will be discussed elsewhere. For the closed embedding 

ig-.Xg^X (2.2) 

we have i\Vx — T^Xe as V-equivariant sheaves of rings of twisted differential operators on Xg. 
Since Ox^ is an irreducible object in the category Con(i|T>^, iV) and Xg is a closed orbit, we get 
I{Xg^Ox^) = *e*(P;v<-Xe 

Proposition 2.1. Let A € Homp(p,C). Then we have 

r(X,I(Xe,OxJ)c^Mp®(A-p) (2.3) 

as (g, V)-modules. 

Proof. Since ig : Xg —>• X is a closed embedding, we obtain 

^(Xg,OxJ = C>Xe)- 

Further, from the definition of the 42^x)"t>™odule Px^Xe have 

^X<-Xe = *e ^i-^Ox^XelX, 

where wx^/x = ^x^ <^x and wx^ are the canonical sheaves of X and Xg, respec¬ 

tively. As a consequence of iox^/x — Ox^, we can write 

r(x, x(Xe, OxJ) = r(x, Ox^) 

= r(Xe,X>x<-Xe®4r>^^^J 
= r(Xe, {if^Vx ^ijio^Wx./x) ®4 d^ C>Xe) 

— ^X.o 
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where o = eP. Therefore, we need to know the geometric fiber of the right Ox-module at the 
point o. The left action of 17(g) on ^ ®Ox,o^ is given through the mapping 

U{q) —>• r(7f, Vx) — >■ 'Dx,o^ 

which is a homomorphism of associative C-algebras. From (II.4|) we have 

T^x -^x(0)/EseVx(p)('5 “ f\+p{s))Ux{Q), 

hence we get 

C ®Ox,oT^x,o ^ U{q)/Y.a^M - 

Furthermore, if we use the isomorphism Vx o — i'^x^o)°^ of associative C-algebras, we obtain 

^X,o ®Ox,oC ^ (T^x^oT'^ ®Ox,oC ^ C ®Ox,o'^X^o — •fi-A+P ®U(p) U{q)- 

Hence C_A+p ^u{p) U (g) has a natural right U (g)-module structure. The left U (g)-module struc¬ 
ture on Vx o '^Ox.o^ is given as follows. Since the diagram 

U{9) - ^V^x,o 

T 

ui9r —- (px^r^ 


is commutative, where r: 17(g) ^ 17(g)°P is the homomorphism of associative C-algebras uniquely 
determined by t{A) = —A for all H S g, we get 

a(l 0 6) = 1 <8) bT{a) 

for all a, & G 17(g). It is easy to see that it is a highest weight module with highest weight X — p. 
Moreover, it is also free 17(u)-module of rank one with the free generator 1(81, thus the generalized 
Verma module M® (A — p). □ 

Lemma 2.2. The mapping 

To- Vx,o <S>Ox,o^ ^'^X,o/'Px,o'^o (2.4) 


defined by 


To{Q <S>v) = vQ mod Vx,omo (2.5) 

for Q € Vx,o and v € C, where rUo is the maximal ideal of Ox,o, is an isomorphism of left 
(Dx,o-modules. 

Proof. For Q e Vx,o and / S Ox,o, we have 

ToiQf <8 1) = Q/ mod Vx,omo- 
On the other hand, since Qf (8 1 = Q <8 /(o), we obtain 

ToiQ 8 /(o)) = fio)Q mod Vx,omo. 

But / = /(o) -I- (/ — /(o)) implies To{Qf 8 1) = To{Q 8 /(o)). This means that the mapping Tq is 
well-defined. 
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As for the injectivity of Tq, the condition To{Q^1) = 0 implies Q = Qi9ii where Qi € Vx^o 

and gi G irio. Therefore, we may write 

m m 

<5 (8) 1 = '^{Qigi ® 1) = '^{Qi 8) ffi(o)) = 0. 

i=l i=l 

The surjectivity of the mapping Tq is obvious. The proof is complete. □ 

Let us consider the local chart {Ue,Ue) on X given by (11.201) . Since the mapping Ue- t/e —t u 
is a diffeomorphism, it induces the isomorphism 


'i'u^:Vx{Ue)^r{n,Vu) ( 2 . 6 ) 

of associative C-algebras. Let {xi,X 2 , ■ ■ ■, x„) be linear coordinate functions on u, then we get the 
coordinate functions ..., w") on Ue defined by 

Ue = Xi o Ue (2-7) 


for i = 1, 2,..., n. Then we have 

'i'uAul) = x^ and (2.8) 

for i = 1, 2,..., n. 

We denote by A.5 the Weyl algebra of the complex vector space u (see Section 12.21 for the 
definition) and by le the left ideal of A® generated by polynomials on u vanishing at the point 0. 
Let us note that the Weyl algebra A? is contained in r(u, T>n)- 

Lemma 2.3. The mapping 

CToi A5//g ^ T>x,ol'^x,omo (2.9) 

defined by 

P mod le i-t inod Vx,o^o (2.10) 

is an isomorphism of left A2-modules. 

Proof. The canonical mapping A5 —>• Vx.o induces the mapping U —)• 'Dx.o'xio, hence CTo is well- 
defined. Now, let us assume that P G Px.o, then we can write P in the form 


7eN" 

where a.y G Ox,o- Thus, if we define Q G A® by 

7eNj 


then we get ao(Q mod A) = P mod (Dx.oTTIo- The injectivity of the mapping CTo is obvious. □ 

By Proposition l2.ll the generalized Verma module M®(A — p) is isomorphic to ^ ^Ox 
If we use the isomorphism js ^: V^lue T^x\ue of sheaves of rings of twisted differential operators 
on Ue given by (|1.26p . we obtain the [/(g) -isomorphism 

^x-. M^{\-p)^Vx,o®Ox.o^ ( 2 . 11 ) 

uniquely determined by 

(^^(10 1 ) = 10 1 . ( 2 . 12 ) 


12 






The structure of a left U ( 0 )-module on 'Dx,o ®c>x o ^ follows from the composition 

17(0) ^ r(X,V^) ^ ^ Vx(Ue) ^ Vx,o, (2.13) 

which is a homomorphism of associative C-algebras. By Lemma 12.21 and Lemma 12.31 we obtain 
the isomorphism of 17(0)-modules 

$;,:M0(A-p)^7l0//e, (2.14) 

uniquely determined by 

$a(1 < 8 ) 1) = 1 mod Ig. (2.15) 

The structure of a left C/( 0 )-module on 71® is induced by the homomorphism of associative C- 
algebras 

tta: [/(g) ^ r(X,V^) ^ ^ Vx([/e) ^ r(u,Vu), (2.16) 

where 7rx(U(g)) C 71® as it follows from Theorem 11.31 

It the next Theorem we introduce coordinate-free description of a linear surjective mapping 
from the symmetric algebra S (u) to the universal enveloping algebra U (u) of the Lie algebra u, 
completely characterized to be the identity map on ii. Hereby we realize 4 >a in an explicit way. 
This result will be used in the subsequent Section [3] for the construction of both singular vectors 
and equivariant differential operators as elements of ?7(u), where u the opposite nilradical of the 
parabolic subalgebra, see 111.161) . 

Theorem 2.4. Let (/i, / 2 ,..., fn) be a basis of u, (cci, a; 2 ,..., Xn) be the corresponding linear 
coordinate functions on ii, and let /3: 5 (u) —>■ U (ii) be the symmetrization map defined by 

^(/l /2 ■ • ■ /fe) = H fa{l)fa{2) ■ ■ ■ fa{k) (2.17) 

(TGSk 

for all fc e N and /i, / 2 ,..., /fc S ii. Then 

^a(/ 3 (/zi/z 2 • ■ ./ij ® 1 ) = (-l)'' 5 *i 5*2 .. .5*, mod/e, (2.18) 

where di = d^i, for all fc e N and ii, Z 2 , ..., ifc G { 1 , 2 ,, n}. 

Proof. For / G u, we get from Theorem 11.31 

n OO 

i—1 k—0 

where 


9k{f) = oik E ■ ■ ■ Xfjik [(ad(/^J...ad(/™J)(/)], 

for the Bernoulli numbers determined by the generating series 




z 

— 1 


fc =0 


for z G C satisfying 0 < |z| < 1. We shall prove the claim by induction. Because (7o(/ii) = we 
can write 

n 

® 1) = ■xxifn) mod le = - + 9\{fii)di) mod h 

n 

= - ai ^[ad(/jJ(/i)]i mod 4 

= -di^ - ai tru(ad(/jJ) mod Ig = -di^ mod Ig. 
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Let us now assume that (|2.18p holds for some k gN. The formula 


fe+i 


■ ■ ■ f^k+l) = ■■■%■■■ f^k+l) 


i=i 


allow us to write 

(fc + l)$A(/3(/ii/i2 •■•/ifc+i) ® 1) = ■■■fij ■■■fik+i) ® 1) mod le 

= ■■■%■■■ 94+1 mod /e 

+ ■■■%■ mod 4 

= (-!)'=+'(fc +1)9,,... a, 

+ .. .9,, . mod 4, 

so that we get 

® 1) = .. . 9 ,,^, 

+ (fc + 1 )! H mod 4- 


Therefore, it is enough to show that 


•re S'r 


.9, , , mod 4=0 

Jcr(r) ^ 


for all r > 2. Because we have 


00 n 

(tGSt k—0 i—1 treSr 


for r > 2, it is clearly sufficient to prove 

00 n 

Zm )] mod 4 = 0 (2.19) 

k—0 i—1 crGSr 

for all r > 2. Again, we shall prove this fact by induction on r. If r = 2, we can rewrite the left 
hand side of (|2.19l) into the form 


ZZ Z (^*[%(2)>5U/i.(i))] - [di,[dj„(2)>9l{f3^a))]]) mod 4 

k—0 i—1 (t^S2 

n 

= Z Z (^4^1„(2).5U/i.(i))] - [di: [%(2)>'72(/j.(i))]]) mod 4, 

i —1 < 7^82 


where we used the fact that g\(fj) is a polynomial of degree k in the variables {xi,X 2 , ■ ■ ■ ,x„} 
and 3o(/i) = addition, we have 


Z Z 

2=1 < 7^82 


51(/A(i))] = «1 Z Z ^4ad(4.(3))(4^(i))]i = 0 

i=l (TGS2 
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and 


[^i.(2).ff2(/i.(i))]] = «2 X! Z! ([ad(/z) - [ad(/j„(,)) ad(/J■^(„)(/i)]^) 

i—1 (TGS2 «—1 fTG52 

n 

= -«2Z Z [ad(/j<,(2))ad(/j„(,,)(/i)]* 

i=l creS2 

= -a2 Z trn(ad(/j-^(,))ad(/j^(„)) = 0, 

<y^S2 

since ad(/j^( 2 )) ad(/j^|.j^j) is a nilpotent mapping on ii. Now, let us assume that (j2.19|) holds for all 
r G {2, 3,..., ro — 1}, then the left hand side p.1911 reduces to 

oo n 

ZZ Z [■ ■ • ’ ['5m2)>5U/j.(i))] •■•]]] mod h 

k—0 i—1 cr^SrQ 

n 

= (-1)’'“"^ Z H [■ ■ • ’ [^J<.( 2 )>^(/i.d))] ■••]]] mod le 

g^Stq 

n 

= aro(-l)’'“(ro - 1)!Z Z [ad(/5,d„))---ad(/j^(,))ad(/j^(„)(/i)]* mod 4 

i—1 g^Stq 

= aro(-l)’'“(ro - 1)! Z t'^ii(ad(/i„do)) • ■ mod 4 = 0. 

G^Stq 

The proof is complete. □ 


2.2 Algebraic Fourier transform 

In this section we recall the Fourier transform of modules over Weyl algebra and use it later to 
convert the algebraic characterization of certain vectors in modules in the BGG parabolic category 
into characterization by a system of linear partial differential equations. 

Let F be a finite-dimensional complex vector space, regarded as a complex algebraic variety 
(y^'s, Oyaig). The associative C-algebra Ay = r(F'^'s, T>yaig) is called the Weyl algebra. Since 
the canonical morphism i: V ^ of topological spaces induces an injective morphism Ay —>■ 
T{y,Vy) of associative C-algebras, the Weyl algebra Ay can be regarded as a subalgebra of 
T{V,'Dy) (cf. Section [TT]) . We have 


yiy (2.20) 

where S{V*) ~ C[F] = r(F‘^'®, Oyaig) and we regard S{V) ~ C[F*] as the C-algebra of constant 
coefficient differential operators. 

Let (xi,X 2 , ■ ■ ■ ,Xn) be linear coordinate functions on V and let {yi,y 2 ,. ■ ■ ,yn) be the dual 
linear coordinate functions on V*. Then there is a canonical isomorphism 


A: Ay Ay* 


( 2 . 21 ) 


of associative C-algebras given by 

A{x0 = -dy,, A{d^,) = y, ( 2 . 22 ) 

for i = 1, 2,..., n. Let us note that the definition does not depend on the choice of linear coordi¬ 
nates on V. 
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Let M be a left ^ly-module. The Fourier transform M of M has the same underlying vector 
space as M, and the left -module structure is given by 

Pu = T-\P)u (2.23) 

for all u € M and P £ Ay* ■ The Fourier transform induces equivalences of categories 

Mod(yiy) ^ Mod(yiy.), ^: Mod/(yiy) ^ Mod/(yiy.), (2.24) 

where Mod/(7ly) is the category of finitely generated jdy-modules. 

Lemma 2.5. Let / be a left ideal of Ay and let M be a left ^ly-module of the form 

M = Ayll. (2.25) 

Then the Fourier transform M is isomorphic to the left ^ly.-module M of the form 

M = Ay^lT{l), (2.26) 

where the isomorphism 

(2.27) 

is given by 

Q mod J-{I) P'~^{Q) mod I (2.28) 

for all Q £ Ay. 

Proof. The morphism ip: Ay —>■ M of left Ay -modules defined by 

i/,(Q) = J-i(Q) mod I 

for all Q £ Ay is clearly surjective. It is also injective, because i>{Q) = 0 implies Q £ A{I), 
since P is an isomorphism of associative C-algebras, and therefore ker^ C P{I). The opposite 
inclusion is trivial, hence tp induces the isomorphism (p: M ^ M. □ 

For a left Tly-module M we consider a system of linear partial differential equations for a single 
unknown element u £ M m. the form 


Piu = P 2 U = • • • = P/^u = 0, (2.29) 

where k £ N and Pi, P 2 ,..., Pk £ Ay. We denote by Sol(Pi, P 2 , • ■ •, Pp, M) the complex vector 
space of solutions of the system (|2.29|) . 

Lemma 2.6. Let / be a left ideal of ^ly and let M be a left jdy-module of the form M = Ay 11. 
Let us consider elements Pi,P 2 ,... ,Pk £ Ay for k £ N. Then the mapping 

r: Sol(Pi,P 2 ,...,Pk;M)^Sol(P(Pi),P(P 2 ),...,P(Pk);M) (2.30) 

given by 

Q mod / I—P(Q) mod P(I) (2.31) 

is an isomorphism of complex vector spaces. 

Proof. First of all we show that r maps into Sol{P{Pi), P{P 2 ),..., P{Pk)', M). For an element 
Q mod / G Sol(Pi, P 2 , ■■ - yPk', M), we get 

P{Pi)T{Q mod I) = P{Pi)P{Q) mod P{I) = P{P^Q) mod P{I) = 0 mod P{I) 


for i = 1,2,... ,k, where we used the fact that PiQ £ I and so P{PiQ) £ P{I) for i = 1,2,... ,k. 
Then it is easy to see that the mapping 

f: Sol(.F(Pi), P{P 2 ),..., P{Pk);M) -£ Sol(Pi, P 2 , ....PpM) 

defined by the formula 

Q mod P{I) P~^{Q) mod I. 


is the inverse mapping to r, and so r is an isomorphism. The proof is complete. 


□ 
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2.3 Singular vectors in generalized Verma modules 

This section contains the definition of the key concept of singular vectors. The complete collec¬ 
tion of singular vectors in generalized Verma modules in the BGG parabolic category , or in 
particular, in a given block , fully encodes the structure of its morphisms, mm- 

Let us consider a complex reductive Lie subalgebra q' of a complex reductive Lie algebra g 
together with its parabolic subalgebra p C g such that p' = p n g' is a parabolic subalgebra of 
g'. We recall that the formula (12.141) associates to any element A G Homp(p,C) the mapping <!)>,, 
which induces the isomorphism of ['-modules 

M0(A-pr' ^Sol(g,g',p;yis//e). (2.32) 

Here M®(A — denotes the subspace in the scalar generalized Verma module M®(A — p) (cf. 
(12.11) 1 annihilated by the nilradical u' of p', and the elements in M®(A — p)“ are called g'-singular 
vectors. The right hand side of l|2.32l) is defined by 

Sol(g,g',p;Al®//e) = So1({^a(V); V € u'};Al®//e). (2.33) 

Since the Levi factor [' of p' is a reductive Lie algebra, we have [' = 3(10® [[', ['] with 3 ([') the center 
of and 3 ((') acts on any finite-dimensional irreducible ('-module V by a character p: 3 ([') C 
fulfilling Xv = p.{X)v for all X G 3(['), v G V. 

Let V C M®(A — p)“ be a finite-dimensional irreducible ('-module, where the action of 3 ((') on 
V is given by a character p: 3 ((') —>• C. Then we have 

^x{V) C Sol({7rA(V),^A(T) -/i(l^); V G u',r e (2.34) 

The application of Fourier transform, see (I2.30p , implies 

r(<i>A(1^)) C Sol{{n^{X),7r^{Y) - p(V); XGu',Yg 3((')}; Aiy.F(/e)), (2.35) 

where 

Sol(g,g',p;Al2./J-(/e))J = Sol({7rA(V), ^a(V) - p(r); V G u', V G iH')}-,AyX{Ie)) (2.36) 

is an ('-submodule in the polynomial ring C[u*] ~ A^,/A'{Ie) given by the solution of a system of 
partial differential equations. 

A g'-singular vector is a generator of a g'-submodule in M®(A—p), and its existence is equivalent 
to a discrete component in the branching problem M®(A)|g'. The results in our article classify 
discrete components in the branching problem for a class of generalized Verma modules regarded 
as objects in the BGG parabolic category O® and a class of g'-compatible parabolic subalgebras p. 
The condition of g'-compatibility for parabolic subalgebras guarantees that the decompositions are 
discrete and thus realized by singular vectors, [MISQl. Let us recall that a parabolic subalgebra 
p C g is g'-compatible provided there exists a hyperbolic element E' G g' such that p is the direct 
sum of eigenspaces of ad(£'') with non-negative integral eigenvalues. This then implies that G'P 
is a closed submanifold of G and a geometric argument inspired by (D-module theory gives the 
discrete decomposability of all modules in O® with respect to g'. 

Assuming that p = (©u is a g'-compatible parabolic subalgebra of g and Vx a finite-dimensional 
irreducible (-module with highest weight A, we consider the induced ('-module structure on the 
symmetric algebra S'(u/(ung')) and define for any finite-dimensional irreducible ('-module with 
highest weight p the multiplicity function 

to(A,p) = dimcHom[/(V)(,yx|i' ® S'(u/(u n g'))). (2.37) 

Then m{X, p) < oo for all p G A+(p'), and in the Grothendieck group K{0^) of the BGG parabolic 
category O® holds 

0 m(A,p)M®;(p) (2.38) 

A»6A+(P') 

for a generalized Verma module M®(A). We shall use (|2.38D in Section [3^ below to produce in a 
particular case of our interest a characterization of the generators of g'-submodules. 
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3 74„-series of Lie algebras with Heisenberg parabolic sub¬ 
algebras 

In the present section we implement and apply the previous general exposition to the case of 
scalar generalized Verma modules for the pair given by the classical complex Lie algebra 
and its parabolic subalgebra with the nilradical isomorphic to the Heisenberg Lie algebra, and 
its complex Lie subalgebra An-r+i (n — r > 1) together with compatible parabolic subalgebra 
whose nilradical is isomorphic to the Heisenberg Lie algebra of less dimension. In the Dynkin 
diagrammatic notation, this type of parabolic subalgebra is determined by omitting the first and 
the last simple nodes in the diagram. 

Let us briefly indicate the road map for the present section. Following Section [L^ we set our 
representation theoretical conventions and use Theorem ll.3l to describe the embedding of the Lie 
algebra sl(n + 2,C) into the Weyl algebra 712. As a g-module we take the left 712-module given 
as the quotient of 712 by the left ideal of 7 l 2 generated by polynomials vanishing at the origin of 
il, and apply to it the algebraic Fourier transform (12.211) . This converts the former task of finding 
sI( 7 T,—r-|-2, C)-singular vectors into the problem of solving a system of partial differential equations, 
realized in 712, and acting on the polynomial algebra C[u*]. The main technical device allowing 
the complete classification of the solution space of this system of partial differential equations is 
the Fischer decomposition, describing the (sl(n — r,C) ©s((r,C))-module structure on C[(g_i)*], 
see Appendix [A] 

3.1 Representation theoretical conventions 

In the rest of the article we consider the complex semisimple Lie group G = SL(n + 2, C), n S N, 
and its Lie algebra g = sl(n + 2, C). The Cartan subalgebra () of g is given by diagonal matrices 

f) = {diag(ai, 02 ,..., a„+ 2 ); 01 , 02 ,..., a „+2 G C, YA=iai = Q}. (3.1) 

For z = 1, 2,..., u + 2 we define Si G i)* by ei(diag(ai, 02 ,..., 0 ^+ 2 )) = oi. Then the root system 
of g with respect to () is A = {ei — l<ij^j<n + 2}. The root space Qei-Ej is the complex 
linear span of e^-, the (ri + 2 x n + 2)-matrix such that {eij)ki = SikSj^. The positive root system is 
A+ = {Si — Sj] 1 < i < j < n + 2 }, in which the set of simple roots is H = {ai,a 2 , ■ ■ ■, a„+i}, ai = 
Ei — £i+ii i = 1, 2,..., n + 1. Then the fundamental weights are uji = Yl’j=i * = 1, 2,..., n + 1. 
The Lie subalgebras b and b defined by the linear span of positive and negative root spaces together 
with the Cartan subalgebra are called the standard Borel subalgebra and the opposite standard 
Borel subalgebra of g, respectively. The subset E = {a 2 , 03 ,..., a„} of H generates the root 
subsystem As in ()*, and we associate to E the standard parabolic subalgebra p of g by p = I® u. 
The reductive Levi factor [ of p is defined through 

1=1]© 00a, (3.2) 

QG As 

and the nilradical u of p and the opposite nilradical u are 

0 0 “ 0 0 -“’ (3-3) 

aGA+XAj aeA+\Aj 

respectively. We define the E-height hts(Q;) of a G A by 

= oi + a„+i, (3.4) 

so g is a |2|-graded Lie algebra with respect to the grading given by g^ = htE(a)=i0a fOT 

0 ^ i eZ, and go = f) © 0a6A. htE(a)=o0a. Moreover, we have u = gi © g 2 , ii = g -2 © g-i and 
[ = go- 
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The basis (/i, gi, 5 „, c) of the root spaces in the opposite nilradical u is given by 

/O 0 0\ /O 0 0\ /O 0 0\ 

h={u 0 0 , 5 * = 0 0 0 , c = 0 0 0 , (3.5) 

\0 0 0/ \0 0/ \1 0 0/ 

where the only non-trivial Lie brackets are [fi,gi\ = —c for all i = 1,2,... ,n. Analogously, the 
basis (di,..., d„, Ci,..., Cn, a) of the root spaces in u is given by 

/O Ij 0\ /O 0 0\ /O 0 l\ 

d, = 0 0 0 , ei= 0 0 L , a= 0 0 0 , (3.6) 

\0 0 0/ \0 0 0 / \0 0 0/ 

where [dj, e^] = a for alH = 1, 2,..., n. The Levi subalgebra 1 of p is the linear span of 

/I 0 0 \ /l 0 0\ /O 0 0\ 

= 0 0 0 , h2=[o -lln 0 , hA = p A 0 , (3.7) 

\0 0 -1/ \0 0 1/ \0 0 0/ 


where A € M„xn(C) satisfies trA = 0. Moreover, the elements hi and /i 2 form a basis of the 
center 3 ( 1 ) of I. 

Finally, the parabolic subgroup P of G with the Lie algebra p is defined by 


1 

\ 

T 

1 

p = \ 

p 

A 

y ; a, &, c G C, a;, y G C”, A G M„xn(C), a 6 det(A) = 1 / 

1 

Ivo 

0 

V J 


(3.8) 


Any character A € Homp(p,C) is given by 


A — AiWi + A2a;„+i 


(3.9) 


for some Ai,A 2 S C, where wi,w„+i e Homp(p,C) are equal to uJi,uJn+i G f)* and regarded as 
trivially extended to p = p © (0Q,g^^ fla) © u. Then the vector p G Homp(p,C) defined by the 
formula l|l.lll) is given by 


P — H- — ^n+l- 


n +1 


(3.10) 


For r G {0,1,..., n — 1} we define an injective Lie algebra homomorphism 


ir '■ sl{n — r + 2, C) —?> sl{n + 2, C) 


(3.11) 


by 



0 b\ 
A 0 u 
0 0 0 ’ 
v'^ 0 dj 


(3.12) 


where a, &, c, d G C, x, y,u,v G C"”’’, A G M„_rxrt-r(C) and a + d + tr A = 0. Then we regard 
the semisimple Lie subalgebra gj, of g to be the image of the mapping ir- We set p), = g). fl p, so 
that pj, is a parabolic subalgebra of gj, and p). = t). © uj, with I). = g), n 1, u), = g). fl u. Finally, we 
obtain ((. = 3 ([(,) © [[(,, [(,] for [[(,, IJ,] = g). fl [f, I], and h[, h' 2 , where 


h'l — /ii, h '2 — ^2 + hji^ 


for Ar given by 



form a basis of the center 3 ([ 5 ,) of [(,. 


(3.13) 


(3.14) 
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3.2 The branching problem for the pair (g, g^) 

This section is a short digression in which we explain and determine, as a consequence of char¬ 
acter formulas, qualitative properties of the branching problem for the pair ( 0 , 0 ^) the scalar 
generalized Verma module M®(A) (see (12.11) 1 induced from a character A G Homp(p, C) (see (13.Ql) !. 

Let us denote by Ca the 1-dimensional (-module given by a highest weight A = AiWi -I- A 2 a;n,_|_i. 
The induced ((.-module on the symmetric algebra 5'(u/u(,), which is a free commutative C-algebra 
generated by the 2 r-dimensional complex vector space u/u(., is isomorphic to the direct sum of 
1-dimensional ((.-modules. Then it follows that in the branching problem for the pair ( 0 , 0 (.) and 
the ^scalar generalized Verma 0 -module M® (A) appear only scalar generalized Verma 0 (.-modules 
M®,’'(/r), their multiplicities (cf. (12.370 1 are given by 

m{X,n) = dimHomi;^(C^,CA|i; ®c <S'(u/u(.)), (3.15) 

and are equal to provided the highest weight /r of ((. is equal to (Ai — a)uji -I- (A 2 — 

b)ujn-r+i for a,b € Nq, and zero otherwise. 

In the Grothendieck group K (O®) of the Bernstein-Gelfand-Gelfand parabolic category O® (cf. 
(12.380 1 holds 


+ A 2 CLin,+ i)|g^ (“^0 ~ 0,)uJi + (A 2 — b)uJn-r+l)- (3.16) 

a,b^No 

In the rest of the article we construct, among others, the generators of 0 (,-submodules on the right 
hand side of (|3.160 . 

3.3 Embedding of g into the Weyl algebras Al® and At®* 

Let us denote by (xi ,..., yi,..., y„, z) the linear coordinate functions on ii with respect to the 
basis (/i, ...,/„, 51 ,...,c) of the opposite nilradical u, and by (xi ,... ,Xn,yi, ■ ■ ■ ,yn, z) the 
dual linear coordinate functions on u*. Then the Weyl algebra .A5 is generated by 


{^ 1 , 


■ • ■ 1 Vn 1 ^ •) 1 1 

3'^ S'- 

• ■ • 7 '-'Xn 1 ^yi 5 • • • 



(3.17) 

and the Weyl algebra yi5. 

is generated by 





{xi,. 


■ • : Unt 7 • 

3 3 

• • 7 ^Xn 1 ^yi 5 ■ • ■ 


,5.}. 

(3.18) 

The coordinate functions ( 


on t/e 

are defined by 





n n 

Ue{x) = ^ ul{x)fi + ^ ul+\x)gi + u^”+^(a;)c ( 3 . 19 ) 

i=l i=l 


for all X €Ue- 

Now we apply Theorem 11.31 to A G Homp(p,C) and find an explicit realization of 0 as a Lie 
subalgebra of A^. Thus, we get a homomorphism 

tta = ° -Uis) ^ Al (3.20) 

of associative C-algebras. Further, we define the Fourier transform 

A: yi® ^ yi®. (3.21) 

by ( 12 . 221 ) with respect to the generators (13.171) and (13.181) . Since A is an isomorphism of associative 
C-algebras, the composition 


t:x = A o tta. 


(3.22) 
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gives the homomorphism 


^a: U{g) . 


(3.23) 


of associative C-algebras. 

Let us introduce the notation 


Ex — ^ ^ ^X j ; E2: — zOzj Ey — ^ ^ Vj 


Vo 


i=i 


i=i 


and 


Ex — ^ ^ ^3 j ; Ez — ^dz'f Ey — ^ ^ Vj ^yp 


i=i 


for the Euler homogeneity operators, and 


i=i 


□ — dxj dy ^, q — Xjijj , q — ; 


'jVj 


(3.24) 


(3.25) 


(3.26) 


i=i 


i=i i=i 

for the Laplace operator and quadratic polynomials. In the following Theorem we retain the 
notation of previous sections. 

Theorem 3.1. Let A S Homp(p,C). Then the embedding of g into and A^, is given by 

1 ) 


for i = 1, 2 ,..., n; 


2 ) 


= -dxi + \yidz, 
T^xigt) = -% - \xidz, 
T^x{c) = -dz 


^xifi) = -Xi - ^zdy,, 
^x{9i) = -Vi + \zdxi, 
Tcxic) = -z 


(3.27) 


(3.28) 


for i = 1, 2 ,..., n; 


3) 


“t" Ey + 2Ez + Ai + A 2 +77^ + 1, 

T^x{h2) = (1 + ^)Ex ~ {^ E ^Ey + Xi — A 2 , (3.29) 

T^x{hA) = ~'^i^j=iO‘ij{x jdxi — Vidyj) 

for all A € Mnxn(C) satisfying tr A = 0; 

4 ) 

'^A(hi) = —Ex — Ey — 2 Ez + Ai + A2 — (n + 1), 

T^x{h2) = —(1 + ^)Ex + (1 + ^)Ey + Ai — A 2 , (3.30) 

^xihA) = -yj9vi) 

for all A € MnxniC) satisfying tr A = 0; 
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5) 


TTxid^) = zdy^ + Xt{Es; + + Ai + \{n + 1)) - \q{^y^ - \xidi), 

T^\{ei) = -zdxi +yi{Ey + \Ei + A 2 + i(n + 1)) - + \yrdi), (3.31) 

'^a(o) = z{Ex + Ey + Ez + Ai + A2 + n + 1 ) + ^q{Ex — Ey + Ai — A2 + ^qdz) 

for i = 1 , 2 ,...,n; 

6 ) 

^\{di) = -ytdz + da;i{Ex + ^Ez - Ai + i(n - 1)) - ^{yi + 

n\(ei) = Xidz + dy-{Ey + \Ez - A 2 + ^{n - 1)) - ^(xi - ^zdy-)\J, (3.32) 

= dz{Ex + Ey + Ez — Xi — X 2 + n) — ^{E^ — Ey — Ai + A 2 — ^zO^O 

for z = 1 , 2 ,..., n. 


Proof. We have from Theorem 11.31 


2n+l n 


= -J2 


i=l 


ad. 


Ue{x) 


_ad. 


ue(x) _ i£i- 


■Y 


d,, 


for all y G u. Since ad„^( 3 ,)y = 0, the expansion of the exponential implies 

2n+l 




2=1 


d„. 


and the first item follows by (13.191) . Similarly, we get from Theorem 11.31 

2n+l 


^e^^{Y) = E [ad„,(.)y]. + (A + p){Y) 


2=1 


for all Y G i. The statement of the third item then follows from ()3.19p . Finally, we have 


2n+l 


ryp(r) = - ^ 


ad. 


Ueix) 




2=1 *- 
o — ad 


— id 


(e-ad„e(.)y). 


9„j + (A + p)((e-^‘^-wy)p) 


for all Y G Q. Since e ^^e(.^)Y = (e + (e “"e(=')y)p, we can write 


(- 


— ad. 


ue (x 


^Yh = 


o~ 


ue(x) 


)y _ (g-ad„^(,)y)p ^ 


^ — ad 


Ue (x 


)Y -Y - (e-’"‘^'‘«wy - Y) 


for Y G p. Therefore, we have 

(e"‘'‘^“"(">y)u = -ad„^(2,)y-ad„^(a,)(e“'‘‘^“=(-)y-y)p 


ad„,(,) 


e'^dueCx) _ idj; 


ad,, 




— idu 


ad„ 

5 


(e"^d„,(x)y _y)p 


for Y Gp. Furthermore, since g is |2|-graded, a.df^(^x)Y = 0 for all Y G p, we obtain 


ad„,(,) 


— idu 


(e--d„.wy)_ = _ad„^(,)y - ad„^(,)(e-"''-WF - F)p - (e-'^‘'-(x)y _ y)^ 

+ ^ ad„^(^)(e-’^‘^-(»)y-y)p - ^ ad^^(,,)(e-*^'^-wy-y) 
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Putting all ingredients together, we conclude 


a-duejx) 

ead„,(,) _ 




+ Y 2 ^‘^“e(x)(^^“e(a;)^)p ~ ^ 8'dtj,,(x)(9'du,,(a;)h")p 


for F € p, and the fifth item follows by (|3.19ll . 

The computation of the Fourier transform of all operators is straightforward. □ 


3.4 Algebraic analysis on generalized Verma modules and singular vec¬ 
tors 

In what follows the generators xi,..., a:„, j/i,..., 2 /„, z of the symmetric algebra S'(u) ~ C[u*] have 
the grading deg(xi) = deg(j/i) = 1 for * = 1, 2,..., u and deg(z) = 2. Thus we regard C[u*] as a 
graded commutative C-algebra. 

Let us recall the existence of a canonical isomorphism of left -modules 

C[u*]^Ayj^iQ. (3.33) 

Let /r: 3 ( 1 ).) —>■ C be a character of 3 ([(,). Then we have 

Tr\{h[)R = fi{h'^)R, TT\{h'2)R = ^{h'2)R (3.34) 

for R e Sol(g,g(.,p;C[u*])^, which is by Theorem 13.11 equivalent to 

{E'^ +E'y + E” + E'^ + 2E,)R = + A 2 - (n + 1) - ^^{h\))R, (3.35) 

^{n-r + 2){E', - E'^) + (n - r)(£;" - E'^))R = (n - r)(Ai - A 2 - p^{h' 2 ))R. (3.36) 

Here we introduced the Euler homogeneity operators 

n—r n n—r n 

Ex = Ex = Xjdxj, Ey = ’^^Vjdy-^ Ey = Vj^vj- (3.37) 

j—1 3 — ^ 

This gives a restriction on ^ for which Sol( 0 , g(,, p; C[u*]);^ is a non-zero vector space, because the 
Euler homogenity operators Ey, E”, E” and E^ acting on C[u*] have eigenvalues in Nq. Thus, 
we may assume 


{E'x + E'y + E” -P E" -P 2E,)R = mR, (3.38) 

((n-r + 2){E'x - E'y) + {n - r){E'' - E'^))R = tR (3.39) 

for some m G No and t G Z. Consequently, we shall apply the solution operators 

7r\{di)R = 0 and 7r\{ei)R = 0 (3.40) 

for i = l,2,...,n — rto polynomials R of the form 

L^J 

R=J2 Rm-2kz\ (3.41) 

fc =0 

where Rm- 2 k £ C[( 0 _i)*] satisfy 

{E^x + E'y + + E”)Rm-2k = {m- 2fc)i?„_2fe, (3.42) 

((n - r + 2)iE'x - E'y) + {n - r){E',^ - E"))i?™- 2 fe = tR^- 2 k, (3.43) 
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and obtain the recurrence relations 


— (fc + l)yiRrn—2k-2 + dxi{Ex + — Ai + 2fe 

— ^yiDRm-2k — jdxiORm-2k+2 = 0 (3.44) 

and 

(fc “t“ ^')XiRm — 2k — 2 ^yii^Ey 2 k A 2 “t“ 2 R'm—2k 

- ^X^nRm-2k + jdy^aRm-2k+2 = 0 (3.45) 

for /c = 0,1,..., [yJ ) where Rm- 2 k = 0 for fc < 0 and for k > ■ In particular, for fc = 0 we get 


-yiRm -2 + dxi{Ex - Ai + i(n - l))i?m - = 0, (3.46) 

XiRm-2 + dyi{Ey -X 2 + \(n- l))i?m - \xiURm = 0, (3.47) 

which implies 

dx,{Ex-Xi + \{n-l))R^€{yi), (3.48) 

dyi{Ey-X2 + \{n-lfjRm&{xi) (3.49) 


for i = l,2,...,n — r, where (xi) and (j/i) are the ideals of C[(g_i)*] generated by Xi and yt, 
respectively. 

Beside the structure of recurrence relations p.44l) and (13.451) we see that R is uniquely deter¬ 
mined by Rm- Therefore, we can define a linear mapping 

Sol(fl, 0 ;,p;C[u*])^^C[(fl_i)*], 

R I—>■ Rm, (3.50) 

which is injective and [(.-equivariant. Since Sol(g, q'^, p; C[u*]);J^ is a completely reducible ((.-module, 
any irreducible ((.-submodule is contained in an isotypical component. Therefore, we can restrict 
to the case when Rm is in an isotypical component of the representation ((. on C[( 0 _i)*]. 

Furthermore, the Fischer decomposition (cf. Appendix [X| implies the isomorphism of vector 
spaces 

<p>:C[r]^ 0 C[g',g",z]®cK,fa®cKrf, (3.51) 

(o,6,c,d)GNQ 

where 

n—r n 

j—1 j—n—r-\-l 

are quadratic polynomials, j, and 'H" ^ are the spaces of (a, 5)-homogeneous polynomials in 
the variables {xi,... ,Xn-r,yi, ■ ■ ■ ,yn-r) and (c,c?)-homogeneous polynomials in the variables 
{Xn-r+i, ■ • ■, Xn,yn-r+i, ■ ■ ■ ,yn) harmonic for 


n—r n 

= (3-53) 

j —1 j—n—r-\-l 

respectively. Consequently, we have 

O □ O = Qa.+b,c+d O 1 ® 1, (3.54) 

where 

Qa,p = y'd^i + {n — r + Oi)dqi -\- q" -I- (r -|- f3)dq" (3.55) 
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for a, /3 G No, and 


(3.56) 

(3.57) 


= y^i^P ^ ° i^q' 0 1 ® 1 ) O (/?), 

9yJ^-i(C[g'.9".z](8cWL.o®cW'',J = ° (^9' ® 1 ® 1) O <7>) 

for i = 1 , 2 ,..., n — r. 

Lemma 3.2. Let us assume n — r > 2. Then the isotypical components of the ((.-module C[u*] 
are of the form 


min{co.c!o} 

0 ^-\C[q', q\ z], KoM K-i,do-e) (3-58) 

e=o 

for ao,bo,co,do £ No, where C[q',q",z]e C C[q',q'',z] is the subspace of polynomials of degree i. 
These ((.-isotypical components are of the highest weight fiiUJi + aoUJ 2 + bouin-r + /^ 2 w^-r-i-i, where 

Ail = Ai — i(n -I-1) — 2ao — cq, (3.59) 

/i 2 = A 2 — \{n -I- 1) — 2&0 — do- (3.60) 

Proof. Since the mapping 

C[r] ^ ©(.,,,C[g', g", z] ®c K,b ®C K, 

is an isomorphism of vector spaces, we can define the structure of an ((.-module on the vector space 
®(a.b,c,d)GN‘‘ Td-a.b T~(-c,d^ SO that ip is an ((,-equivariant mapping. For the action of 

[((., ((.] we get 

p o T:\(hA') o = 1 ( 8 > TT\{hA') ® 1, 

where Ha’ G [((., ((•]. Because irreducible [((., ((,]-module with the highest weight 00^2 -|- 

boujn-r and the highest weight vector (cf. Appendix [X|, we obtain that the isotypical 

component of [((., ((.] with highest weight 00^2 + botOn-r is 

®(c.d)eNg '^ao,bo 'H'c,d- 

The generators of the center 3 (((,) act by 

p o op-^ = {E'f + E'^) 

— 2(q'dqi + q" dq" E Ez) ( 8 >l( 8 il-|-Ai-|-A 2 — (ii-|-l) 


and 

P O Ttxih'^) o p-^ = -(1 + ^)(i(g) (£;; -f;(^) (g) 1) - 1 (g) 1 (g) (A" - E”) + Xi - A 2 . 

Therefore, we have 

(p o nx{h[) o p~^)v = —(oo -l-6o-l-c-|-(i-|-2f — Ai — A 2 -l-n-|- 1)?;, 

(po^xiK) ° = -((1 + ;r^)(ao - 60) + c - d - Ai -b A2)u 

for V G c[q',q",z]i (g)c Ko.bo (gc d; which implies that the center 3(((,) acts by a character on 
the subspace 


min{co,do} 

0 C[g', q”, z]e ®c 'bl-'ao,bo 'Hco-e,do-e 

e=o 
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of the vector space 0(,_d)gN2 C[g', q", zj 0c Ko,bo K,d- 


□ 


Lemma [3.21 yields the restrictions on the rank of the Lie subalgebra gj. = sl(n — r + 2, C), 
because for n — r = 2oin — r = l the decomposition of C[u*] on [J,-isotypical components differs 
from (I3.58p . So we shall focus on n — r > 2 and omit these two special cases from our discussion. 
Futhermore, by Lemma 151^ we see that the isotypical components of the [^-module C[(g^i)*] are 
uniquely determined by ao,bo,co,do S No and the highest weight of the corresponding isotypical 


component is 

(Ai — ^(n + 1) — 2ao — co)wi + aoUJ2 + boujn-r + (A 2 — ^(ji + 1) — 26o — do)<^n-r+i- (3.61) 

Let us consider 

min{co,do} 

^ 'Pl®c'R'ao,bo®c'Rco-e,do-i’ (3.62) 

e=o 

where Ve C C[g', q"] is the subspace of polynomials of degree i and Uq + &o + Co + do = "m-, 
{n — r + 2)(ao — bo) + (n — r)(co — do) = t as a consequence of (I3.38p . (13.391) . The notation 

ai(a, 6, c, d) = a + c — Ai + ^("ra — 1), (3.63) 

02 ( 0 , b, c, d) = b + d — X 2 + — 1) (3.64) 

for a, &, c, d S No, turns the conditions (13.481) and p.49l) into 

Ai 2 (^ 1)) Rm — (^0, ^0, ^0, do)dxiRm , (3.65) 

dvi{Ey - A 2 + - l))i?m = a 2 iao,bo,co,do)dy,Rm (3.66) 


for i = 1, 2,..., n — r. Therefore, we get four mutually exclusive cases: 

1) oo ^ 0, do 7^ 0, oi(ao,do,co,do) = 0, 02 ( 00 , do, co, do) = 0; 

2) oo 7^ 0, do = 0, 01(00, do, Co, do) = 0; 

3) oo = 0, do 7^ 0, 02(00, do, Co, do) = 0; 

4) Oo = 0, do = 0. 

In what follows, we present a particular discussion of the construction of R for all these possi¬ 
bilities. First of all, we shall start with two preparatory technical Lemmas. 

Lemma 3.3. Let dy^[Ey — X 2 + ^{n — iJjRm = 0 for i = 1, 2,..., n — r, then 

k 

k^O 

where Rm satisfies 


yinRm = dxi{Ex - Xi + ^{n - l))Rm (3.68) 

for i = 1, 2,..., n — r. 

Proof. First of all, we shall prove by induction that Rm- 2 k = 2 ^ O^Rm and dy.(^Ey — A 2 -I- i(u- 
l))i?m- 2 fc = —kRm- 2 k for J = 1,2,..., n — r and all k G No- This statement holds for k = 0. 
Let us assume that Rm- 2 k = 2 ^*^^^™ ^yi{Ev - X 2 + - l))Rm- 2 k = -kRm- 2 k for 

fc = 0,1,..., fco. Then (13.451) for k = ko gives 

(^0 T ^)^iRm — 2ko—2 2ko^yiRm — 2ko —2fco+2 — 0, 

which is equivalent to 

{(^0 4“ l)d?m—2fco—2 2 2fco) 2 —2fco 2 — 2 ^ 0 + 2 ) — 0- 
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Since koRm- 2 ko - 5 □^m- 2 feo +2 = 0, we obtain 

Rm-2ko-2 = 2{kl+l) ^Rm-2ka = 2 '=o + i(feo + 1 )! 

and 

^yii,Ry ^^2 “t“ 2 ^^ Rm — 2ko—2 — 2 (fco + l) ^^2 “t“ 2 ^^ 2 fco 

“ 2 (feo + l) — 1 — A 2 + 2 (^ ~ l))^m- 2 fco 

“ 2 (feo + l) ~ R)'^Rm-2ko 

= —(fco + l)i?m- 2 fco- 2 , 

where we used [□, iiij,] = □ in AlS,. 

Now the formulas 2kR^_2k = □i?m- 2 fc +2 and 2{k+ l)Rjn_ 2 k -2 = ORjn_ 2 k reduce (13.441) into 

yiDR^_2k = dxJyEa: - Ai + i(n - l))i?m- 2 fc (3.69) 

for k = 0,1,..., . Let us assume (13.69^ holds for some k G {0,1,..., }. Then the appli¬ 

cation of the Laplace operator □ to (I3.69|l . together with the relations [□,i9a;J =0, [0,yi] = dxi 
and [□, i?a;] = □ in Al 2 ., gives 

2 /jlZl Rxfi — 2k — ^Xiij^x Ai -\- 2 )^ 2fc5 

and the equality 2(k -|- l)i?m_ 2 fe -2 = '^Rm- 2 k implies 

yi^Rra—2k—2 — Ai 2 1 )) 2 A :—2 ■ 

Therefore, the system of equations (|3.69l) for /c = 0,1,..., reduces to the single equation 

= dxi{Ex - Ai -h 5 (n - 

for Rm and we are done. □ 

Lemma 3.4. Let dxi{Ex — Xi + ^{n — l))i?m = 0 for z = 1, 2,..., n — r. Then 

/_i \k k 

(3.70) 

k^O 

where Rm satisfies 

x^ORm = dy,{Ey - X 2 + ^{n - l))Rm, (3-71) 

for z = 1 , 2 ,..., n — r. 

Proof. The proof can be given either by similar argument as in the previous Lemma 13.31 or we 
can use the fact that the system of equations (j3.45p can be obtained from the system of equations 
(j3.44ll by the substitution Xi ^ yi, yi ^ Xi, z ^ —z and Ai —>• A 2 . □ 

Case 1) Let us assume 

min{co.c!o} 

P{Rm) & ^ 'Pi®cR'ao,bo®cRca-l,do-f.^ 

i=0 

where ai(ao, bo, cq, do) = 0, 02 ( 09 , bo, cq, do) = 0 and oq ^ 0, &o 7 ^ 0. Then we have dxi{Ex — Ai -|- 
A(n — l))i?m = 0 and dy.^Ey — X 2 + ^{n — = 0 for z = 1, 2,..., n — r. Hence, from Lemma 

13.41 we get 


R = R 


m 1 


(3.73) 
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where Rm satisfies 


= 0 . 

By the isomorphism (I3.5ip and the formula (13.541) . we can rewrite the equation (13.741) . 
form 


{Qao+bo,co+do — 2( ® 1 0 l)(p{Rm)g — 0 

for £ = 0,1,..., min{co, do}, where G 'Pg 0c P'aoM 'H'co-g.do-g 


min{co,<io} 

^{Rm) — ^ ^ ^{Rm)g’ 

g=0 


As we have 


Qao+bo,co+do—2g — Q— co-do + \i+\ 2 -n+l,CQ+do— 2 it 

where we used ai(ao, bo, cq, dg) = 0 and 02 ( 00 , 60 , 00 ,^ 0 ) = 0 , we get 

min{co,tio} 

^(R) e 0 0c Ko.bo^c, K-e,do-g 

g=0 

where the subspace of Pg is defined by 

*^g^s ^ Pg} Q — s+\\+\2—n+l,s—2g'^ b} 

for s,£ e Nq. 

Case 2) Let us now suppose that 


min{co,(io} 

<f{Rm)& 0 Pl<^cP'ao,0^cPco-g,do-g’ 

g=0 

where ai(oo,0,co,do) = 0 and oo 7 ^ 0. Then we have dxi{Ex — Ai + i(n — l))i?m 
i = 1, 2,..., n — r, and so by Lemma 13.41 


where Rm satisfies 


L¥J 

^ = E 




(_i)fc^fc 

2^k\ 


U’^R 


m: 


Xj\P\Rm — O 2 (oo, 0 , Co, dg^dy, Rm 

for i = 1, 2,..., n — r. Using (I3.57p . we can write (13.821) as 

DRm = 02 ( 00 , 0,Co,do){ip~^ o {dq> 0 1 0 1 ) O ip)Rm- 

The combination of (I3.5ip and (13.541) rewrites the equation (13.831) into the form 

{,Q ao ,co-^dQ—2g 0 1 0 l)7^(77m)r — 02 ( 00 , 0, Co, dg^i^dq/ 0 1 0 l^'j(p(^Rm') g 

for £ = 0, 1 ,..., minjco, do}. As we have 

QaQ,CQ+do — 2g O 2 (oo, 0, Co, do)r^g^ l^ao — 02 (^ 0 ,0,co,do),co+do — 2£ 

Q —Co — do+.^i“t"V 2 — Ti+l,co+do— 2 r, 


(3.74) 
into the 

(3.75) 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

(3.80) 
= 0 for 

(3.81) 

(3.82) 

(3.83) 

(3.84) 

(3.85) 
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due to ai(ao, 0 , Co, do) = 0 , we get 


min{co,do} 

^(.Rm) G ^ ^tcQ+do ®C R'aofi ®C 
£=0 


(3.86) 


for the subspace of defined by p.79|) . We shall now prove by induction 

= fc! |^“2(ao, 0^, CO, do)^ ^ ^gk ^1^1)0 

for all A: G No, which evidently holds for k = 0 and k = 1. We may write 

[(p o □ o ip~^,dg, (g) 1 (g) 1 ] = —k{d^i^^ (g) 1 (g 1 ) 


(3.87) 


(3.88) 


for fc G No, where we used p.54l) . The previous formula and the induction hypothesis lead to 

o (dt 0 1 ® 1 ) o(p)i?„ 


= fc! 


= fc! 


02 ( 00 , 0 ,Co,do) 1 o (5^+1 (g 1 (g) 1) o (p) + (tp ^ o (a^, g 1 (g 1) o (p)n)i?„ 


”^(°'°,^,*^°,d°)Va 2 (oo, 0 ,co,do) - k){ip ^ o (5^,+^ g 1 ® 1) o (p))R„ 


(fc + i)!^“2(ao^(bco,do)\ 1 ^ ^gk+i ^ 1 ^ 1) o (p)R„ 


where we used (13.831) . Denoting 


T: 


X—p 


L^J 

= E 


(-!)'= f 02 ( 00 , 0 , Co, do) 


ao-\-CQ,dQ / ^ 2^k 

fc =0 


fc 




we get 


minjco.do} 

^(R) e 0 T^o7co.doRtc:+do K,,0 ®c 

1=0 


(3.89) 


(3.90) 


Case 3) We now assume 


min{co,do} 

(p{Rm) G 0 Vl®C 'R'o,bo ®C 'H'co-lM-l’ 
e=o 


(3.91) 


where 02 ( 0 , &o, co, do) = 0 and bo 7 ^ 0. Then we have dy.(^Ey — A 2 + ^{n — l))i?m = 0 for i = 
1, 2,..., n — r, and so by Lemma [3731 we get 


L?J k 

k^O 

where Rm satisfies 

yi^ZlRm — ai ( 0 , 60 7 ^ 0 ; Rm 
for i = 1, 2,..., n — r. Using (|3.56p . we can rewrite (|3.93p as 

= ai(0,&o,co,do)((/3“^ o {dq> g 1 g 1) o ip)R„ 


(3.92) 

(3.93) 

(3.94) 
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The isomorphism (13.511) and the formula (|3.54|) reduce the equation (13.941) into 


{Qbo ,co+dQ—2l ^ 1 ^ (0, 695 ^0 5 do) 1 0 \ ^ (3.95) 

for £ = 0,1 ,..., min{co, do}- As we have 

Qbo^co+do — 2i ai(0, 60; Co, do)<9g^ Qbo — ai(0,bo^co,do),co+do — 2£ 

— Q — co — do + Xi+X2—n+l,co+do — 2e} (3.96) 

where we used 02(0, bo, Cq, do) = 0, we get 

minjco.do} 

0 (3.97) 

i=0 

for the subspace of Vi defined by (j3.79p . We shall prove by induction that 

n'^Rm = kl o {d^, ® 1 0 1 ) o ip)R^ (3.98) 

for all A: G No, which evidently holds for fc = 0 and A: = 1. Using (j3.88p and the induction 
hypothesis, we obtain 

o {d^, 0 1 0 1 ) o (p)Rm 

= k\ o (9^,+^ 0 1 0 1) o (p) + ((p“i o {dg, 0 1 0 1) o ip)0)Rm 

= A;!^”^^^’^°^^°’^°^^(ai(0,6o,co,do) - k){ip~^ o (9^+^ 0 1 0 1) o (p))Rm 
= {k + 1 )! (<^-1 o 0 1 0 1 ) o ^)R^, 

where we used (13.831) . Denoting 


T, 


X-p 


Cq ,bo-\-dQ 


E l / ai(0, bo, Co, do) 

k 

h=n ^ 


{zd,,)\ 


we have 


^(i?) G 


min{co,do} 

0 KZ+d^M ®c n'o,,g 0 c -g 0 -g 


t =0 


(3.99) 


(3.100) 


Case 4) Finally, let us suppose that 

min{co,c!o} 

ip{Rm) & 0 "Pt ®C "Hq^o "H" (3.101) 

e=o 

Using (13.561) and (I3.57p . we can rewrite (13.461) and (I3.47P into the form 

-Rm -2 + ai(0, 0,co,do)((/?“^ o {dq> 0 1 0 1) o ip)Rm - ^ORm = 0, (3.102) 

Rm-2 + 02 ( 0 ,0, Co, do)((/?“^ o {dq' 0 1 0 1) o ip)R^ - iQi?™ = 0, (3.103) 

and their sum yields 

DRm = (ai(0,0, Co, do) + 02 ( 0 , 0, co, do))((/?“^ o {dq> 0 1 0 1) o (p)Rm. (3.104) 
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The isomorphism (13.511) and the formula (|3.54|) allow to rewrite (13.1041) into 


[Qo,co+do-2i ® 1 ® l)<p(i?m)f = (ai(0,0,co,do) + 02 ( 0 ,0,co,do))(9g' (8> 1 (g) l)ip{Rm)i (3.105) 
for £ = 0,1,..., minjco, do}. As we have 

Qo,co+do- 2 ^ — (ai(0, 0, Co, do) + 02 ( 0 , 0, Co, do))9q' = Q-co-do+\i+X2-n+l,co+do-2f., (3.106) 
we get 

min{co,c!o} 

0 Sl-^%,^^cK,o^cK-e,do-e^ (3-107) 

£=0 

where the subspace of Vg is defined by (|3.79|) . We shall prove by induction that 

^Rm—2k — (ai(0,0, co,do)+ 02 ( 0 , 0 , co,do) - fc )((/3 ^ o (9,/(g) 1 0 1) o (p)i?„_ 2 fc (3.108) 

and 

min{co.do} 

(p{Rm-2k) ^ ^ Rl-k^cR-o^O^^cRco-e^do-i (3.109) 

i^k 

for all fc G No. The claim holds for k = 0. The recurrence relation (13.441) for k = k^ and the 
induction hypothesis imply 

(fco + l)-Rm- 2 fco -2 = 5 ( 01 ( 0 , 0, Co, do) - 02 (0, 0, Co, do)) ((/9“^ O {dq! (g) 1 (g 1) O ip)Rm-2ko 

- i(oi(0,0,co,do) + 02 ( 0 , 0 , Co, do) - ko + l)((/ 5 “i o {d^, (g 1 (g 1) o (p)Rjn-2ko+2, (3.110) 

which means that 

min{co,do} 

fiRm-2ko-2) G 0 Ve-ko-i 'Hq^q (gc 'Hco-e,do-£- (3.111) 

e=ko+i 

By (13.441) and p.45l) for fc = fco + 1, we have 

- (fco + 2)Rm-2ko-i + (oi(0, 0, Co, do) - |(fco + l))(+“^ O {dq> (g 1 ® 1) O ip)Rra-2ko-2 

- ^DRm-2ko-2 - |(oi(0,0, Co, do) + 02 ( 0 ,0, Co, do) - fco)(+“^ O (dq, (g 1 ® 1 ) o ip)Rm-2ko = 0 

(3.112) 

and 


(fco + 2)i?™_2fco-4 + ( 02 ( 0 , 0, Co, do) - l(fco + !))(+ ^ O (9,/ g 1 (g 1) O ^)Rm-2ko-2 

- ^ORm-2ko-2 + i(ai(0,0,co,do) + 02(0,0, Co, do) - fco)(+"^ o {dg, gig 1) o ip)R^_2ko = 0, 

(3.113) 


which implies 

□d?m-2/co-2 = (Ol(0,0, Co,do) + O 2 (0, 0, Co, do) - fco - l)(+“^ O {dq> g 1 g 1) O (p)Rm- 2 ko- 2 - 

(3.114) 

As it follows from (j3.108l) and (j3.109|l . the recurrence relations (j3.44p and (13.451) are equivalent to 

(fc + l)i?m_2fe-2 = 5(01(0,0, Co, do) - 02(0,0, CO, do))((/7“^ O {dq' g 1 g 1) O ip)Rm- 2 k 

- i(ai(0,0, co,do) + 02 ( 0 , 0 , Co, do) - fc + l)((/?“^ o (5^, g 1 g 1) o ip)R^_ 2 k +2 (3.115) 
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(3.116) 


for fc = 0,1,..., , so we get by induction 

Rm-2k = ° i^q' ® 1 ® 1) O '^)Rm, 

where at G C satisfy the following recurrence relation 

{k + 2)ak+2 = (co - do - Ai + A2)afe+i - (cq + do - Ai - A2 + n - 1 - k)ak (3.117) 
with Qfo = 1 and a_i = 0. The notation 

k=0 

allows to write 

min{co,c!o} 

7>(d?)G 0 T^"jSiZ+do^cKo®cK-,,,,-i. (3.119) 

i=0 

3.5 General structure of singular vectors 

In this subsection we summarize and organize the results achieved in preceding sections into 
particular statements describing the structure of singular vectors. Let us recall the isomorphism 

ro$^+,: M0(A)< ^Sol(0,fl;,p;dl5//e) lll>Sol(fl,0;,p;C[u*])^ (3.120) 

of [(-modules. Since M® (A)“'- is a completely reducible [(-module, we can find its decomposition 
into the isotypical components. As a consequence of the previous considerations we see that the 
isotypical components can be uniformly written as 

min{co,do} 

0 ^ i.^ao-\-co,bQ-\-do^i,co-\-dQ C Sol(0,0(,p;C[u*])^, (3.121) 

1=0 

where uq, cq, do G Nq and the subspace ^ C Vt is defined by 

Ri,s = {m G Vt, Q-s+x^+x2+2,8-2iu = 0}. (3.122) 

The differential operator : £-[q', q”, zj —>■ C[q', q", zj has the form 

L^J 

E (3-123) 

k^O 

where a/c € C satisfy the following recurrence relation 

(k + 2)ak+2 = (ri - r2 - M + A2)ak+i - (ri -I- r2 - Ai - A2 - 2 - k)ak (3.124) 

with ao = 1 and a_i = 0. We denote this isotypical component by 

Let us introduce the generating function for the collection {a/c}fcgNg, 

00 

gi.'^) = E (3.125) 

Then the recurrence relation ()3.124p is equivalent to the first order linear differential equation 

((1 - 'w'^)dyj + (ri -I- r2 - Ai - A2 - 2)w - (ri - r2 - Ai -|- A2))g(w) = 0 (3.126) 
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for g{w) with g{0) = 1 , whose unique solution is given by 


g{w) = (1 + 


(3.127) 


with g(0) = 1 . 


For the reader’s convenience, we split onr discussion according to the integrality of the indncing 
weight A S Homp(p,C). 

Theorem 3.5. Let us suppose that Ai, A 2 G Nq, and let n — r > 2. 
i) If r > 0 , then we have 


>$A+p: M^{\Y- '^0 0 ''^Ai + l-co.A 2 + l-do.co.do 
cq^O rfo^O 
00 A2 

® 0 0 ^ 0 ,A 2 + l-do,co,do 


0 0 '^’ai + 1-co.O.co. 


do 


co=0 do —0 


co=0 do=0 

CXD 00 

0 0 '^’o.O.co.do- 

co =0 do—0 


(3.128) 


ii) If r = 0, then we have 

T o <i)A+p: M®(A)“ —>■ "Ho.o ® ^Ai+ 1,0 ® 'Ho.Aa+i ® ’Hai+i,A 2 +i ® Px'Hofi, (3.129) 
where Pa = rA^+A 2 +n+i.Ai+A 2 +n+i( 9 ^^+^"+”+^)- 

Proof. The isotypical component ^ ^ appears in the decomposition if and only if a, b,c,d € No 
satisfy the constraints in Case 1 np to Case 4, i.e. a Y 0, b Y Oj a + c — Ai — 1 = 0, 6 + d — A 2 — 1 = 0 
in Case 1, a 7 ^ 0, 6 = 0, a + c — Ai — 1 = 0 in Case 2, a = 0, 5 7 ^ 0, 6 + d — A 2 — 1 = 0 in Case 3, 
and a = 0, 6 = 0 in Case 4. □ 

Theorem 3.6. Let us suppose that Ai G Nq and A 2 ^ No, and let n — r > 2. 
i) If r > 0 , then we have 


Ai 00 


T O 


$A+p: M 0 (A)< 0 0 V 


Ai + 1 —co, 0 ,co,<io 


0 0 Vo",o.co..o- (3.130) 


co=0 do—0 


co=0 do—0 


ii) If r = 0, then we have 


ro$A+p: MS(A)“ < 


Po ,0 ® Pai + 1,0 

Po,o ® Td\ 1 + 1,0 ® PaPo.o 


for Ai + A 2 + n. ^ No, 
for Ai + A 2 + n G No 
and —A 2 — n ^ N, 


Po,o ® T~t\i+i,o ® PaPo.o ® Pl'bl—\2-n,o ^ 


where Pa = rA^+A 2 +n+i.Ai+A 2 +n+i( 9 ^^+^"+"^^) and = T;('^+i^Ai+A 2 +n+i 
Proof. The strncture of the proof is identical as in Theorem 13.51 

Theorem 3.7. Let us suppose that Ai ^ No and A 2 G No, and let n — r > 2. 
i) If r > 0 , then we have 

00 A 2 00 00 

TO$A+p: M^iXY’- 0 0 ^OM + l-do,co,do ® 0 0 ''^0.0, CO,do- 


(3.131) 

^gAi+A2+n+l^ 

□ 


(3.132) 


co=0 do—0 


co—0 do—O 
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ii) If r = 0, then we have 


M 0 (A)“ ^ < 


"^ 0,0 ® ^ 0 ,A 2 + 1 

'Hofi © Ho,A2+i © Px'Hofi 


for Ai + A2 + n ^ Nq, 

for Ai + A2 + n e No 
and —A 2 — n ^ N, 

%/ ffi 1 -/ P T-/ fn P^T-l Ai + A2 + n G No 

rto,0 © rto,A 2 + l © ^0,0 © rio-Xi-n ^ g 

(3.133) 


where Px = T,",+,,+„+i,,,+,,+„+i(g"^+"^+"+i) and P^ = 


Proof. The structure of the proof is identical as in Theorem 13.51 

Theorem 3.8. Let us suppose that Ai, A 2 ^ Nq, and let n — r > 2. 
i) If r > 0, then we have 


□ 


TO M 0 (A)“ 

ii) If r = 0, then we have 

ro<i>;,+p:M 0 (A)“- 


0 0 ''^ 0 ^. 0 .co,do- 

co =0 do =0 


(3.134) 


Po,o for Ai + A 2 + n ^ No, 

Po,o © PxPo,o for Ai + A2 + u s No, 


(3.135) 


□ 


wViPTP P\ — t~'A -|-A 2 \ 

Proof. The structure of the proof is identical as in Theorem 13.51 

For r = 0, it is straightforward to identify in previous theorems the singular vectors correspond¬ 
ing to standard and non-standard homomorphisms of generalized Verma modules, respectively, cf. 


3.6 Examples 

In this subsection we illustrate the general results given in Theorem 13.51 Theorem 13.61 Theorem 
lT7l and Theorem 13.81 and write down explicit formulas for homomorphisms between generalized 
Verma modules in several examples for r = 0 and r = 1. 

We shall start with r = 0. Let vx and be the highest weight vectors of (A) and (^), 
respectively. A homomorphism 

ip: ^ M^iX) (3.136) 

of generalized Verma modules is uniquely determined by p(v^) € M®(A). For n > 2, we have in 
the Poincare-Birkhoff-Witt basis of 17(ii): 

(1) If A = AiWi + A 2 Wn-i-i, M = (Ai — 1 )clIi + (A 2 — l)u!n+i, Xi + X 2 + n = 0, then the singular 
vector 

= (ZLi/iSi + ^(^1 - A 2 + n)c)vx, (3.137) 

in Mp (A) of graded homogeneity two induces a homomorphism of scalar generalized Verma 
modules, cf. Section o for the notation of root spaces. 
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(2) If A = AiWi + \ 2 UJn+i, M = (-^1 ~ 2)a;i + (A 2 — 2)a;„+i, Ai + A 2 + n = 1, then the singular 
vector 

= {J2i=ifi9i + 5(^1 - A 2 + n - l)c)(X;r=i/i5* + 5(^1 - A 2 + n + 1 )c)va (3.138) 

in Mp (A) of graded homogeneity four induces a homomorphism of scalar generalized Verma 
modules. 

(3) If A = 0, p, = —2a;i + 0^2 + a;„ — 2a;„+i, then Theorem 13.51 implies that 

= {fi9n)v\ (3.139) 

induces a homomorphism from the vector valued generalized Verma module M® (/r) to M® (A). 

The examples (1) and (2) suggest the following remarkable conjectural factorization property of 
singular vectors S M®(A) inducing homomorphisms of scalar generalized Verma modules, 

see Theorem 12.41 regarded by (12.181) as elements of the (non-commutative) universal enveloping 
algebra U (u). For all A = AiWi + A 2 a;„+i, ^ = (Ai — a)oJi + (A 2 — 0 ) 0 ;^+!, Ai+A 2 + n = a — 1 and 
a G N, we conjecture to hold 

a— 1 

= n (S"=i/»5i + ^(^1 - A 2 + n - a + 2j + 1 )c)z;a. (3.140) 

j=o 

We do not know a direct proof of this observation. 

Now we pass to r = 1. Denoting v'^ the highest weight vector of a -homomorphism 

(^:M®/(/i)^M®(A) (3.141) 

of generalized Verma modules is again uniquely determined by f(v'^) G M®(A). For n > 3, we 
have in the Poincare-Birkhoff-Witt basis of U (u): 

(1) If A = Aicui -I- A 2 W„+i, /i = (Ai — a)uii + \ 2 UJn, a G No, then the singular vector of graded 
homogeneity a in M®(A), 

V^«)=/>A, (3.142) 

induces a gp-homomorphism of scalar generalized Verma modules. 

(2) If A = AiWi -I- A 2 a;„+i, /r = Aicui -|- (A 2 — a)a;„, a G Nq, then the singular vector of graded 
homogeneity a in M®(A), 

(3.143) 

induces a g'p-homomorphism of scalar generalized Verma modules. 

(3) If A = AiWi -I- A 2 W„+i, fj, = (Ai — a — l)wi -I- (A 2 — l)w„, a G Nq, then the singular vector of 
graded homogeneity a -I- 2 in M®(A), 

<^(<) = (Efc/ff*/* + (^1 - a)c - ^i+>^2+^-^-a (3.144) 

induces a gp-homomorphism of scalar generalized Verma modules. 

(4) If A = AiWi -I- A 2 W„+i, /i = (Ai — l)a;i -I- (A 2 — a — l)a;„, a G No, then the singular vector of 
graded homogeneity a -I- 2 in M®(A), 

- (A 2 - a)c - V+A.^+n-i-a yg^)gy^^ (3.145) 

induces a gp-homomorphism of scalar generalized Verma modules. 

We notice that for r = 0, the analogues of scalar valued singular vectors for the pair of 
orthogonal Lie algebras and their compatible conformal parabolic subalgebras with commutative 
nilradicals were constructed in [I3l[2l]. 
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4 CR-equivariant differential operators 

A CR (a shorthand notation for Canchy-Riemann or Complex-Real) structnre is given by a real 
differentiable manifold M together with a complex distribution H, i.e. a complex vector subbundle 
of the complexified tangent bundle TMc such that 

(1) [H,H] C H, i.e. H is integrable, 

(2) H D H = {0}, i.e. H is almost Lagrangian. 

A CR-density on M is a section of the complex line bundle (A"’°7J*)^ 0 (A°’"i?*)^ , defined for all 
A, A' G C such that A — A' G Z. Manifolds endowed with CR-structnre emerge on the bonndaries of 
strictly pseudo-convex domains in and invariants of integrable strictly pseudo-convex CR- 

structures are used to obtain an expression for the asymptotic expansion of the Bergman kernel 
in C"^^. For the introduction and various aspects of CR-structure, we refer to [HHOllTlISlIIlIT] 
and references therein. 

Onr results are directly related to the homogeneous model of CR-structure, which is the real 
(2n-|- l)-dimensional sphere c realized as a generalized flag manifold S' 2 "+i = Gr/Pr 

for the real form Gr = SU(n -1-1,1) C SL(n -|- 2, C) and Pr = Gr fl P the real form of the complex 
parabolic snbgroup P in (13.81) . The vector snbbnndle H is given by H 

where is the bnndle of holomorphic vector fields on The real form of H is the 

bundle Re(P © P), whose fiber at a point p G is in terms of the complex structnre J 

on C"+i given by Re(P © P)p = {A G TpP^^+i; jx G C PpC"+i} and the almost 

complex structure on Re(P ©P) is just the restriction of J. The flat model of CR-manifold is the 
Heisenberg algebra. Moreover, the notion of a CR submanifold in CR manifold M is given by the 
real differentiable submanifold N C M and a complex vector subbnndle H' (Z H\n on N fulfilling 
analogous conditions as P does. In the case of homogeneous model of CR manifold M = 
the real codimension 2r homogeneous CR submanifold is the odd dimensional sphere 5 ' 2 (n-»’)+i 
defined by Xn = Xn-l = ■■■ = Xn-r+l = 0, 2 /„ = J/„_i = • • • = Un-r+l = 0. 

The folklore results in [5] for G' = G, and in [21] for the pair G' C G and the pair of 
compatible parabolic subgronps P' C P, relate the existence of homomorphisms between scalar 
generalized Verma modules to G'-covariant differential operators acting on principal series repre¬ 
sentations for G and G' supported on G/P and G'jP' (G'jP' C GjP), respectively. There is a 
contravariant bijection 

Hom( 0 ,,jv')(A^p'(W"),^P®Ct^)) - HomDiff(Ind^(R*),Ind^;(lT*)), (4-1) 

where the subscript Diff denotes the homomorphisms given by differential operators. The gener¬ 
alized flag manifolds G/P and G'jP' are complexifications of the real generalized flag manifolds 
Gr/Pr ~ 5*271-1-1 Gr/Pr ~ 52 (n-r)+i (Gr/Pr C Gr/Pr), respectively. Thus the G'-covariant 
differential operators in (14.11) indnce, by restriction to the real locus of the complex generalized 
flag manifolds, GR-covariant differential operators acting between sections of homogeneous vector 
bundles on 52 «+i and 52 (’T’->-)+i^ respectively. 

It is rather straightforward to transfer the singular vectors in Theorem jS©] Theorem 13.61 The¬ 
orem (XT] and Theorem 13.81 to covariant differential operators acting on the non-compact model of 
induced representations, cf. m for similar questions related to parabolic snbalgebras of Hermitean 
symmetric type. 


Appendix A The Fischer decomposition for s[(n, C) 

In this section we recall the Fischer decomposition proved by E. Fischer ([8]) in 1917 and apply it 
to one specific example. 

Let Av be the Weyl algebra of a finite-dimensional complex vector space V (see Section [22] 
for the definition). Then C[V] is a left Ay-module and 

Ay ~C[R]©cC[R*], (A.l) 
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where we regard C[F*] as the C-algebra of constant coefhcient differential operators. Let us 
consider a polynomial q S C[y] and a constant coefficient differential operator P S C[y*]. We say 
that the pair (q, P) forms a Fischer pair on V, if we have the decomposition 

€[^1 ~ C[q] (^cn, (A.2) 

where Ti. — kerP and C[g] is the C-subalgebra of C[y] generated by q. 

To construct some Fischer pair on V, let us consider linear coordinate functions (xi, X 2 ,..., x„) 
on V, which give us a canonical isomorphism C[y] ~ C[x], x = {xi,X2, • ■ •, x„). We introduce the 
scalar product (•, •) on C[x] by 


{p{x),q{x)) = p*{d^)q{x)\^=o, (A.3) 

where dx = {dxi,dx 2 , ■ • • ,9x^) and p*{x) = p{x). Now, let q G C[x] be a homogenous polynomial 
of degree n G N, and let us consider the mapping T^: C[x] —>■ C[x] given by Tq{p) = qp. Then we 
have 


{Tq{pi),P 2 ) = {pi,q*{dx)p 2 ) (A.4) 

for all pi,P 2 G C[x], hence q*{dx)- C[x] —>■ C[x] is the adjoint mapping to Tq. Therefore, C[x] 
decomposes into two orthogonal subspaces imPg and kerg*(92,), and hence {q,q*{dx)) is a Fischer 
pair. 

We use this decomposition to the following specific example. Let C" and (C")* be the standard 
representation and the standard dual representation of the Lie algebra g = s[(n,C), n > 2, 
respectively. Then we have the induced representation of g on C[(C")* ©C"]. Using the canonical 
linear coordinate functions y = (j/i, ?/ 2 , ■ • ■, 2/n) on C" and the dual linear coordinate functions 
X = (xi, X 2 ,..., Xn) on (C”)*, we get the isomorphism C[(C”)* © C”] ~ C[x,y]. The induced 
representation of g on C[x, y] is given by 


7 r(A) = ^ a^j{xtdx^ - yjdyj (A.5) 

for all A G g. Moreover, if we introduce on C[x,y] the scalar product by (IA.3I) . then 

q = J2i^iXiyi and □ = (A. 6 ) 

form a Fischer pair, hence we have the decomposition 

C[x,y] = C[ 9 ] ©c'H, (A.7) 

where Ti = kerD and C[ 9 ] is the C-subalgebra of C[x,j/] generated by q. Since g is a g-invariant 

polynomial and □ is a g-invariant differential operator, we obtain that C[g] and TL are represen¬ 
tations of g. Because the Euler homogeneity operators 

Ex = YA=i^i^xi and Ey = YA=iyi^yi (^- 8 ) 

satisfy [□, Ex] = □, [□, Ey] = □ and [Ex^ Ey] = 0, we get the direct sum decomposition 

'E = ®{a,b)miEa,b (A.9) 

into the common eigenspaces T-La.b of Ex and Ey with the eigenvalues a and 6 , respectively. As 
Ex and Ey are also g-invariant differential operators, the space 'Ha,b is a representation of g. In 
fact, it is an irreducible representation of g, since 'Ha,b contains an irreducible representation of g 
with the highest weight awi + bujn-i {xiy^ is the highest weight vector with respect to the Borel 
subalgebra of upper triangular matrices) and its dimension is equal to the dimension of 77a, 6 - 
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